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Abstract. The formal deformation space of a supcrsingular p-Barsotti-Tate group over 
Fp lg of dimension two equipped with an action of Z p 2 is known to be isomorphic to the 
formal spectrum of a power series ring in two variables over the Witt ring of Fp lg . If 
one chooses an extra Z p 2 -linear endomorphism of the p-divisible group then the locus 
in the formal deformation space formed by those deformations for which the extra en- 
domorphism lifts is a closed formal subscheme of codimension two. We give a complete 
description of the irreducible components of this formal subscheme, compute the multi- 
plicities of these components, and compute the intersection numbers of the components 
with a distinguished closed formal subscheme of codimension one. These calculations, 
which extend the Gross-Keating theory of quasi- canonical lifts, are used in the com- 
panion article Intersection theory on Shimura surfaces II to compute global intersection 
numbers of special cycles on the integral model of a Shimura surface. 



1. Introduction 

Let go be a connected p-Barsotti-Tate group over F = F p ls of height two and dimension 
one; that is, go is the p-power torsion of a supersingular elliptic curve over F. Fix a quadratic 
field extension Eo/Q p . As the endomorphism ring of go is the maximal order in a quaternion 
division algebra over Q p , we may fix an action of Oe on go. Let 9Jto be the formal scheme 
over the Witt ring 

Z; = W(¥) 

which represents the functor of deformations of go to complete local Noetherian Z°-algebras 
with residue field F. Suppose now that we fix some 70 £ Oe„ not contained in Z p and ask 
for the locus in VJIq of deformations for which the endomorphism 70 G End(go) lifts. This 
locus, a closed formal subscheme of 9Tto denoted 2)o, depends only on the integer Co defined 

by 

Z P [7o] = Z p +p Co O Eo 

and not on 70 itself. One knows that SDTo — Spf (Z° [[x]]), and the Gross-Keating theory 
of quasi-canonical lifts recalled in ij4.ll gives a complete understanding of the closed formal 
subscheme 2)o- For example, one knows that 2)o has Co + 1 irreducible components which 
we label as £(0), . . . , £(co). The component <£(s) is isomorphic to Spf(W s ) where W s is the 
ring of integers in a finite abelian extension of the fraction field of 
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with Galois group isomorphic to O e /(Z p + p s Oe ) x ■ The restriction of the universal 
deformation of go to the component <£(s), a deformation of go to W s , is the quasi- canonical 
lift of level s, and has endomorphism ring Z p + p s Oe - 

This general type of problem, in which one begins with the formal deformation space of a 
p-Barsotti-Tate group and studies the locus in the deformation space obtained by imposing 
additional endomorphisms, is central to Kudla's program [131 [Ml [T6] to relate intersection 
multiplicities of so-called special cycles on Shimura varieties to Fourier coefficients of mod- 
ular forms. In such generality it is very difficult to determine the structure of this locus (for 
example, to determine its irreducible components and their multiplicities). In this article we 
extend the one dimensional theory of Gross and Keating to the case of two dimensional p- 
Barsotti-Tate groups. More specifically, we will study those deformation spaces which arise 
by formally completing a Hilbcrt-Blumenthal surface (or Shimura surface) at a closed point 
in characteristic p. The determination of these deformation spaces is used in the companion 
article 10 to relate the intersection multiplicities of special cycles on a Shimura surface to 
Fourier coefficients of a Hilbert modular form. 

Let Z p 2 be the integer ring in the unramified quadratic extension of Q p and define 

= g ® Z p 2 , 

a p-Barsotti-Tate group of height four and dimension two which is equipped with an action 
of 

O e = O e „ ®z p V. 

Let 2Tt be the formal Z°-scheme classifying deformations of g, with its Z p 2 -action, to com- 
plete local Noetherian Z°-algebras with residue field F. Let 2) — > DJl be the closed formal 
subscheme classifying those deformations for which the endomorphism 7 = 70 <3> 1 S Oe 
lifts (equivalently, for which the action of Z p 2[7] = Z p 2 + p c °Oe lifts). One knows that 
2K = Spf(Z°[[xi, X2}]), and the problem is to determine the structure of 2). To get started, 
one may note that there is cartesian diagram 

2Jo -2J 



cuto — 

in which all arrows are closed immersions and the horizontal arrows represent the functor 
which takes a deformation ©0 of go to the deformation ©0 ® Z p 2 of g. Using the closed 
immersion 2)o - ► ?J above, we view €(s) also as a closed formal subscheme of 2). There 
is a natural action of Autz p2 (g) on the deformation space 9Jt, and this action restricts to 
an action of O e on DJl and on 2). In particular O e acts on the set of all closed formal 
subschemes of 2) , and for each £ S O e we set 

e(s,0 = £*£(*)• 

Our first theorem describes the irreducible components of 2) when Eq/Q p is unramified. 
The horizontal components arise by taking O^-orbits of components of 2)o- The main 
difference between the dimension two case under consideration and the dimension one case 
considered by Gross and Keating is the presence of two vertical components. Define a 
subgroup of O e 

H s = Eo -(Z p 2+p s O E ) x . 
Theorem A. Assume that Eq/Q p is unramified. 
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(a) Each closed formal subscheme £(s,£) constructed above is an irreducible component 
of^X), and every horizontal irreducible component of 2) has this form for a unique 
< s < c and a unique £ £ O e /H s . 

(b) If Cq > then 2) has two vertical irreducible components; if Cq = there are no such 
components. 

Proof. The first claim is Proposition 14.2.5] the second is Proposition 13.2.11 □ 

If Eq/<Q p is ramified then the situation is similar, but slightly more complicated. Let 
E = E Q <S>q p Q p 2, the fraction field of Oe- As E/Q p is biquadratic there is a unique 
quadratic subfield E' C E which is neither E Q nor Q p 2 , and we may fix an action of Oe' 
on go. As Oe — Oe' ®z v Z p 2 canonically this choice determines a new action of Oe on 
g = g <8> Z p 2 which is conjugate by some w G Autz 2 (g) to the action used in the definition 
of the deformation space 2J. Let 2% be the locus in 9JIq of deformations for which the new 
action of Z p + p c °Oe' lifts, so that the irreducible components of 2Jo are indexed, again 
by the theory of quasi-canonical lifts, as £'(0), . . . , C(co). Viewing each £'(s) as a closed 
formal subscheme of 2Jt, we then set 

= got«)*f(s) 

for every £ 6 0^ and < s < cq. One can show that £'(s,£) is contained in 2) (although 
£'(s) itself is not). Define 

H' s = E ,-(Z p 2+p s O E ) x . 

Theorem B. Assume that Eq/Q p is ramified. 

(a) Each closed formal subscheme C(s,£) and C(s,£) constructed above is an irreducible 
component of'T). Every horizontal irreducible component of 2) is either equal to 
£(s,£) for a unique < s < Co anc! a unique £ 6 O e /H s , or is equal to £'(s,£) /or 
a unique < s < c$ and a unique £ G O e /H' s . 

(b) J/ Co > t/ien 2J has two vertical irreducible components; if cq = there are no such 
components. 

Proof. The first claim is Proposition 14.3.61 the second is Proposition 13 . 2 . ll □ 

Having determined all irreducible components of 2) , we next turn to the problem of deter- 
mining the multiplicity mult^ (£) (in the sense of Definition 12. 1.1 1) of each such component C 
For the horizontal components this will be done using global techniques, i.e. by identifying 
2) with the formal completion at a point of a Hilbert-Blumenthal surface. For the vertical 
components the argument uses global techniques (the determination of the Hasse- Witt locus 
of DJl in the sense of £ 12 . 2|) and a heavy dose of explicit calculations using Zink's theory of 
windows for p-divisible groups. 

Theorem C. Every horizontal irreducible component of 2J appears with multiplicity one. 
If Co > and p is odd then each of the two vertical irreducible components ( called £™ r and 
&2 eT ) °f ?) appears with multiplicity 

mult^C 51 ') = 2p c "- 1 + Ap c "- 2 + 6p Co ~ 3 + 8p Co ~ 4 + • • • + (2c )p°. 

Proof. If Eo /Q p is unramified this is Proposition 13.3.41 if Eq / Q p is ramified this is Propo- 
sition GJXU □ 

The final problem is to determine the relative position of 2Jto and 2J inside of 371, or, more 
precisely, the intersection number of 97lo with each irreducible component of 2). Let us say 
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that an irreducible component € of 2) is proper if it is not contained in 9Jto (and hence 
meets 5D?o properly). We wish to compute the intersection multiplicity 2gj{((£, £DTo) of £ and 
9tTt in the sense of Definition 12.1.11 Our notion of intersection does not take multiplicities 
into account, so really it is the value multm(C) • Im(£, 9^0 ) m which we are interested. We 
have done this for every proper component of 2J, under the hypothesis p > 2. Summing the 
results over all proper components yields the following results on the total proper intersection 
of 2J and m . 

Theorem D. Assume that p is odd. If Eq/Q p is unramified then 

V n+1 - 1 p c ° - 1 



multa,(£) -I m (€, m ) = c Q 
If Eq /Q p is ramified then 



<T proper 



p — 1 p — 1 



E 



muit S) (e:) • / OT (e:,97to) = (2c + 1 



jjCO + l 



p- 1 

£ proper 

In both cases the sum is over all proper irreducible components of%). 

Proof. If Eq /Q p is unramified the contribution of all proper horizontal irreducible compo- 
nents is computed in Corollary 12.2.61 (for the multiplicities) and Corollary 14.2.71 (for the 
intersection numbers), while the contribution of the vertical components is computed in 
Proposition 13.2.11 (for the intersection numbers) and Proposition 13.3.41 (for the multiplici- 
ties). 

If Eq /Qp is ramified the contribution of all proper horizontal irreducible components is 
computed in Corollarv l2.2.6l (for the multiplicities) and Corollary 14. 3.91 (for the intersection 
numbers), while the contribution of the vertical components is computed in Proposition 
13.2.11 (for the intersection numbers) and Proposition 13.4.11 (for the multiplicities) . □ 

It is in fact the calculation of the total proper intersection found in Theorem [D] which 
motivated this project. This calculation of local intersection multiplicities is one part of a 
larger global calculation which relates the intersection multiplicities of special cycles on the 
integral model of a Shimura surface to the Fourier coefficients of a Hilbert modular form 
of weight 3/2. This global application of the local calculations carried out herein is the 
content of [10] . which contains a higher-dimensional version of the Kudla-Rapoport-Yang 
|16) intersection theory on integral models of Shimura curves. 

1.1. Acknowledgements. This research was supported in part by NSF grant DMS-0556174, 
and by a Sloan Foundation Research Fellowship. Portions of this work were carried out dur- 
ing a visit to the Mathematisches Institut der Universitat Bonn, and the author thanks 
the Institut and its members for their hospitality. The author especially thanks Michael 
Rapoport for helpful conversations during that visit. 

1.2. Notation. The following notation will be used throughout the article. Let F = Fp lg 
be an algebraic closure of the field of p elements and let Z° = W(F) denote the ring of 
Witt vectors of F. Equivalently, Z° is the completion of the strict Henselization of Z p with 
respect to the unique Zp-algebra homomorphism Z p — > F. Let Q° be the fraction field of Z° 
and let Q p 2 be the unique quadratic extension of Q p contained in Q°. Denote by Z p 2 the 
ring of integers of Q p 2 , and let a be the nontrivial Galois automorphism of Q p 2 /Q p . 

When R is a local ring we denote by the maximal ideal of R. Denote by ProArt 
the category of complete (meaning complete and separated) local Noetherian Z°-algebras 
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R equipped with an isomorphism -R/iur — > F. Morphisms in ProArt are local Z°-algebra 
homomorphisms. Let Art be the full subcategory of ProArt whose objects are Artinian 
local Z°-algebras. Any set-valued functor T on Art extends naturally to a functor on 
ProArt by 

F(R) d = \imF(R/m k R ). 
We say that T is pro-representable if there is an isomorphism of functors 

J r (-) = Hom ProA rt(-RF, -) 

for some object Rjr of ProArt. When this is the case we often confuse T with the formal 
Z°-scheme Spf(i?jr). 

2. Preliminaries 

In ij2.1l we define formal schemes over Spf(Z°) which represent certain deformation func- 
tors on Art. In i j'2.2\ we relate these form schemes to the completed local rings of Hilbert- 
Blumenthal surfaces and derive some consequences. 

2.1. Deformation functors. Let Eq be a quadratic field extension of Q p with ring of 
integers Oe and fix a Z p - algebra homomorphism 

(1) V> : O E0 -> F. 

Let go be a connected p-Barsotti-Tate group of dimension one and height two over F. Up to 
isomorphism there is a unique such go [21 P- 93], and go is isomorphic to the p-Barsotti-Tate 
group of any supersingular elliptic curve over F. The Z p -algebra End(go) is the maximal 
order in the unique (up to isomorphism) quaternion division algebra over Q p . We may 
choose an embedding 

jo : Ea End(go) 

in such a way that the action of Oe on Lie (go) is through the homomorphism tp. Such an 
embedding is unique up to Aut(go)-conjugacy by Corollary 12. 1.31 below. Pick any 70 £ Eo 
not contained in Z p , define Co by 

Z P [ 7 o] =1 P + P Ca O Eoi 

and view 70 as an endomorphism of go- For an object R of ProArt, a deformation of go to 
R is a pair (©0, Po) m which ©0 is a p-Barsotti-Tate group over R and 

PO ■ SO -> ©0/F 

is an isomorphism. We denote by 9Ko the functor on Art which assigns to an object R the 
set DJIq(R) of isomorphism classes of deformations of go to R. Let 2)o be the subfunctor of 
9Jto which assigns to R the set 2)o(-R) of isomorphism classes of deformations (®o, Po) of go 
to R for which the endomorphism 70 G End(go) lifts to an endomorphism of ©0 (uniquely, 
by the rigidity theorem [551 Theorem 2.1]). 

Given a p-Barsotti-Tate group (5o over an object R of ProArt we define ©0 €5 Z p 2 to be 
the p-Barsotti-Tate group representing the functor on Art defined by 

s^ms) ®z p z p2 . 

The representability of this functor is seen by choosing a Z p -basis of Z p 2 , defining 

©0 8> Z p 2 = ©0 x ©0, 

and letting Z p 2 act on the right hand side through the ring homomorphism Z p 2 — > A/2(Z p ) 
induced by our choice of basis. The rule ©0 H> ©0 <8> Z p 2 defines a functor from the category 
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of p- Barsotti-Tate groups over R to the category of p-Barsotti-Tate groups over R with 
Zp2-action. In particular we define a p-Barsotti-Tate group 

= 00 ® Z p 2 

of height four and dimension two over F. Set 

E = E a ® Qp Q P 2, 

let 

O e = O E0 <g) Zp 1 P 2 

be the maximal order in E, and set 7 = 70 ® 1 G Ce- The action of Oe on 0o fixed above 
determines an action 

j : O e -> End( fl ), 

and in particular we may view 7 as an endomorphism of 0. If R is an object of Pro Art, a 
deformation of to R is a pair (25, p) in which © is a p-Barsotti-Tate group over R equipped 
with an action Z p 2 — » End(0) and p : — > 0/p is a Z p 2-linear isomorphism. Let 2Jt be the 
functor on Art which assigns to each object R the set of isomorphism classes of deformations 
of to R, and let 2J be the subfunctor of deformations of for which the endomorphism 7 
lifts. There is a cartesian diagram of functors 

®Z„2 

(2) 2)o^-2} 



wio — 

in which the horizontal arrows are defined by 



(0 O , Po) i-> («o, Po) ® Z P 2 d = (0 O ® Z p 2,p ® V)> 
where po ® Z p 2 is the isomorphism 

= 0o ® Z p 2 PQ(8 ' d > O /F 8) Z p 2 ^ 0/ F . 

All functors in @ are pro-representable by objects of ProArt and all arrows correspond 
to surjections between the pro-representing objects (this follows from [21] Proposition 2.9]). 
Expressed differently, the diagram ([2]) can be identified with a cartesian diagram of formal 
schemes over Z° 



Spf(% )— ^Spf^) 



Spf(i? OTo )— ~SpfOR OT ) 

in which all arrows are closed immersions. 

For any £ 6 O e , viewed as an element of Aut(0), and any (0, p) G 2J(i?) we define a new 
deformation 

£*(0,p) d = (0,por x ) e ?)(*). 

This defines an action of 0^ on the functor 2)- Using the isomorphism 

2)(-) = Homp ro Art(i?2), -) 
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we find an action of 0^ on Homp ro A r t (R'2) , — ) of the form £ * / = / o £ 1 for some 
homomorphism 



O e — > Autp roAr t(^2))- 

The action of Og preserves the subfunctor 2)o and similarly determines a homomorphism 



Definition 2.1.1. A component of 2) is a closed formal subscheme £ — > 2J of the form 



for some minimal prime ideal p C Reg. The component £ is horizontal if p $ p, and is 
vertical Hp £ p. The multiplicity of a component £ is the length of the local ring at p 



The component £ is improper if the closed immersion £ — > 2} factors as £ — > 2Jo — ► ?} and is 
proper otherwise. Intuitively, the phrase "£ is proper" should be interpreted as shorthand 
for "£ meets 5D?o properly in 971." 

Given any ring homomorphism <f> : O 'e — > R we denote by </> : Oe — >• R the homomor- 
phism obtained by precomposing cf> with the nontrivial Galois automorphism of i?o/Qp- 

Lemma 2.1.2. Let A 6e f/ie maximal order in a ramified quaternion algebra over Q p with 
uniformizing parameter II. Two embeddings i%, ii : Oe — > Ao are Aq -conjugate if and only 
if they reduce to the same !* p -algebra homomorphism Oe — > Ao/IIAo = F p 2. 

Proof. Easy exercise. □ 

Corollary 2.1.3. Let © and ©' be p-Barsotti-Tate groups of dimension one and height two 
over V, each equipped with an action of Oe - Then © and ©' are O E -Hnearly isomorphic 
if and only if their Lie algebras are isomorphic as OE a -modules. 

Proof. By [3] p. 93] © and ©' are isomorphic as p-Barsotti-Tate groups, and so we may 
assume that <&' = <&. The two actions of Oe on © are determined by homomorphisms 
<fii,4>2 '■ @E a Ao where Ao = End(©) is the maximal order in a ramified quaternion 
algebra over Q p . The action of Ao on Lie(©) is through some embedding Ao/nAo — > ¥, 
and the claim reduces to Lemma 12.1.21 □ 

2.2. Hilbert-Blumenthal surfaces. It will be useful to identify Rm with a completed 
local ring of a Hilbert-Blumenthal surface. Choose number fields £o, J 7 , and £ such that 
the following properties hold: 

(a) T is real quadratic, £q is imaginary quadratic, and £ = £q <8>q JF, 

(b) there are isomorphisms (which we now fix) 



for every rational prime I. Choose an elliptic curve ao over F and an action O £o — > End(ao) 
in such a way that the p-Barsotti-Tate group of ao is Oe q - linearly isomorphic to go (this 



(3) 



O Eq ^ Autp ro Art 



£=Spf(i? S i/p)^S P f(i?2,) 



multsg(£) = lengthy p (ffig iP ) 
and the intersection number is defined as the (possibly infinite) length 
L m (£,DJl ) = lengthy (Ry/p ®r ot Rm )- 



Ojr <g) Z Z p = Z p 2 O £o ® z Z p = O e „ 

Set So ,f = O £o ®i Ojr and let TZ C O £o ^ be the O^-order defined by 
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is possible by Corollary I2.1.3P . The abelian surface a = ao <E> Ojr then carries an action of 
0£ Oi :f and the p-Barsotti-Tate group of a is ©^-linearly isomorphic to a. 
Fix a Zariski open neighborhood U — > Spec(Z) of p. 

Definition 2.2.1. An abelian surface with real multiplication (RM) over a [/-scheme S is 
an abelian scheme A S with an action Oj- — > End(A) satisfying the Rapoport condition: 
every s £ S has an open affine neighborhood over which the coherent sheaf Lie(A) is a free 
Oj- ®% Og-module of rank one. 

Definition 2.2.2. Let Vjr be the different of .F/Q. Suppose S is a [/-scheme and A — » S 
is an RM abelian surface. A Deligne-Pappas polarization of A is an Ojr-linear polarization 
A : A ->■ A v whose kernel is A[Vj-]. 

Definition 2.2.3. A polarized RM abelian surface over a [/-scheme S is a pair [A, A) in 
which A is an RM abelian surface over S, and A : A — !> A v is a Deligne-Pappas polarization. 

Remark 2.2 A. See [23] for an extensive discussion of Deligne-Pappas polarizations and the 
Rapoport condition. What we have called a Deligne-Pappas polarization is equivalent to 
what Vollaard calls a TT^-polarization. 

Let M be the Deligne-Mumford stack over U classifying polarized RM abelian surfaces 
over [/-schemes. Let y be the Deligne-Mumford stack classifying triples (A, A, i) where 
(A, A) is a polarized RM abelian surface over a [/-scheme and i : 1Z — > End(A) is an action 
of 1Z which extends the action of Ojr on A. The stack Ai is smooth of relative dimension 
two over U. See [H[5ni[23]. After shrinking U and adding rigidifying etale level structure at 
primes not in U to these moduli problems the resulting stacks are schemes. From now on 
we assume that such etale level structure has been imposed, but make no explicit mention 
of it. 

Suppose Ao is any elliptic curve over a scheme S and set A = Ao <g) Oj-. Fix a basis 
{x, y} of Oj- as a Z-module and let {x v , y v } be the dual basis (relative to the trace form) of 
the inverse different T>^ . These bases determine two homomorphisms i,i v : Ojr — > M 2 {1) 
which are interchanged by transposition in M 2 (Z). Thus if we identify A = A x A in 
such a way that the action of Ojr on the right hand side is through i, the induced action 
of Ojr on A v = Aq x Aq is through i v . In other words there is an Ojr-linear isomorphism 
A v = Aq (g) Vp 1 . Moreover, if Ao : Ao — > Aq is the unique principal polarization of Aq then 
as in [11, §3.1] the isogeny 

A = A ® Oj- ^ A V gi V-/ = A y 

is a polarization with kernel A[2?jr], and does not depend on the choice of basis {x,y}. 
Here we have used i to denote the inclusion Oj- — > T>^p . The above construction equips 
every abelian surface of the form Aq ® Oj- with a canonical Deligne-Pappas polarization. In 
particular the abelian surface a — ao <8> Ojr defined above has a Deligne-Pappas polarization 
A : o — > a v , and, as Lie(a) = Lie(oo) ®i Oj-, the abelian surface a satisfies the Rapoport 
condition. Thus the pair (o, A) determines an F- valued point of M. Our chosen action of 
Og Q on ao determines an action i : Os 0t jr — > Endo jr (a), and the triple (a, A, i) defines a point 
of^(F). 

For an object R of Art let dJt a (R) denote the set of isomorphism classes of deformations 
(A, p) of a, with its Cj^-action, to R. Thus A is an abelian surface over R equipped with 
an action of Oj-, and p : a — >■ An is an Ojp-linear isomorphism. The deformation A 
automatically satisfies the Rapoport condition, and by the corollary to [23l Theorem 3] the 
Deligne-Pappas polarization of o lifts uniquely to A. Similarly let 2) n (i?) denote the set 
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of isomorphism classes of deformations (A,p) of o for which the action 1Z — »■ End(^4) lifts 
(necessarily uniquely, by [19l Corollary 6.2]) to an action of 1Z on A. For any abelian scheme 
A over a base scheme S let A paa be the p-Barsotti-Tate group of A. If we let x G A4(¥) 
be the geometric point corresponding to the polarized RM abelian surface (a, A) then it 
follows from the discussion above and the Serre-Tate theorem that there are isomorphisms 
of functors on Art 

Hom Pr0 Art(0^,« s ~) - OT °H - OT R 
in which (D° M x is the completion of the strictly Henselian local ring of Ai at x, and the 
second arrow is defined by passage to p-Barsotti-Tate groups (A, p) n- (^4 p oo,p). Similarly, 
if we let y e y(¥) be the point corresponding to (a, A) with its above Os ^- action then 
there are isomorphisms 

Hom ProArt ((9^, -) S 2) a (-) S 2)(-). 
In particular there is a commutative diagram in ProArt 

°y,y *" R %) 

in which the horizontal arrows are isomorphisms. 

By definition of 9JI, for an object R of ProArt an element of 

m{R) = ^m.m.{R/m k R ) 

is a compatible family (<&( k \ p^ k ') of deformations of g to R/m k R . One would like to know 
that such a family comes from a single deformation (0, p) of g to R. This is true in great 
generality (see [U Lemma 2.4.4]), but in this particular case one can use the bijection 

E.om ProA rt(0° MiX ,R) = m{R) 

to see that the p-divisible group of the pullback of the universal Hilbert-Blumenthal moduli 
via 

Spec(i?) -> Spec{0° M x ) M 

gives the desired deformation of g to R. Similarly any element of 2)(i?), 371" (R), or 2) a (i?), 
a priori defined as a compatible family of deformations to Artinian quotients of R, in fact 
determines a deformation to R (necessarily unique by Corollary 8.4.6]). 

We will exploit the isomorphism Oy = i?<g to deduce properties about the deformation 
space 2) which seem difficult to obtain by working purely in the context of p-Barsotti-Tate 
groups. The following lemma is a good example of this. 

Lemma 2.2.5. The Q° -algebra i?<g is a finite product of field extensions of finite degree. 

Proof. Exactly as in pTJ Lemma 3.1.3] one can choose a prime t £ U for which 1Z ®z — 
Z|, and use the Serre-Tate deformation theory of ordinary abelian varieties to prove that 
y xu Spec(W(¥^ s )) is isomorphic to a disjoint union of copies of Spec(l^(Ff s )). It follows 
that y/q is a disjoint union of spectra of number fields. 

Let Spec(i?) — > y^o be an open affine neighborhood of the point y G y/z°(F) corre- 
sponding to the triple (o, A, i). By the previous paragraph R Qp is a finite product of 

field extensions of Q° of finite degree. Let R y be the local ring of R at y and let Ry be the 
completion of R y with respect to the topology induced by its maximal ideal. We let I d R 
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be the ideal of Z°-torsion elements and set S = R/I. The local ring S is then free of finite 
rank as a Z°-module, and so admits a decomposition 

s = Y[s m 

m 

as a product of complete and separated local rings, where m runs over the finitely many 
maximal ideals of S. There are two possibilities to consider: either the Z°-algebra map 
R — > F determined by y factors through S, or it does not. If R — > F does not factor 
through S then the local ring R y contains an invertible Z°-torsion element, and hence R y 
is Z°-torsion. If R — > F does factor through S then there is a unique factor S m in the above 
decomposition for which the composition R — > S m extends to a (necessarily surjective) 
homomorphism of local rings R y — > S m with Z°-torsion kernel I ®.r R y . As S m is complete, 

this map extends uniquely to a homomorphism R y —¥ S m , still with Z°-torsion kernel. We 
deduce that 

Ry Q° p = S m ® z? Q° 
is a direct factor of the product of fields 

R ® K Q° = S 8> z ° %. 

In either case we see that R y Qp is a finite product of field extensions of Q° of finite 
degree. Using R y = Oy y = R<$ completes the proof. □ 

Corollary 2.2.6. Let p be a prime ideal of Rry with p g" p. Then the local ring Rzj.p is a 
field extension of Q° of finite degree. In particular, every horizontal component of 2) has 
multiplicity one. 

Proof. This is immediate from Lemma 12.2.51 □ 
For each £ S O^, let 1^ C Os ^ be the proper fractional TZ- ideal defined by 



£ • (ft ® z z p ) \£i = p 



for all primes I. Let (A, p) G 2) a (P) be a deformation of a to some object R of Art for 
which the action of 1Z lifts. Denoting by A H> A~ the reduction from R to F, there are 
canonical isomorphisms 

(4) (A® TC J£)~ ^ a®nk = a 

in which the first isomorphism is 

(A Ok 7 e )~ ~ A~ ® K ^ P ®' d > a <g> K 7 s 

and the second is given on points by 

a(S) ®n It -> o(5) P (g> a H> a • P 

for any F-scheme 5 (the latter makes sense because the action of 1Z on a extends to an 
action of 0£ o ,_f). Expressed differently, we are making use of the canonical isomorphism 

a ®n Ii = a ®o £o , T {h ®n O £o ,jr) = a ®o £o ,^ O £o ,? = a 

arising from I^Os ,t = Og ^. Denote by p ®?i the inverse of the composition ^ and 
note that while A <g>-n 1$ depends only on the class of 1^ in Pic(7?.) the isomorphism p ®n 1^ 
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depends on the fractional ideal 1^ itself. We obtain a new deformation of a, with its 7^-action, 
to R 

(A, P ) ® n / c d = (A ® K l£,p ® n I t ) G 2J°(^) 
and the operation (S-rI^ defines an automorphism of the functor 2J°. 

Lemma 2.2.7. For any £ G O e the diagram 

2J a -2J 




commutes (the action on the right is that defined in 

Proof. Fix an object R of Art and a deformation (A, p) G %) a (R). The p-Barsotti-Tate 
group of A ®7j /.t represents the functor on i?-schemes 

S^A p ^(S) ® Zp2b] £Z p2 [7], 

and so there is an isomorphism of p-Barsotti-Tate groups 

(5) A p = -> (A®nh) P ™ 

which on S'-points is given by P H> P ® £. Reducing this isomorphism modulo one finds 
the commutative diagram 



.4: 



In other words ((5]) defines an isomorphism of deformations 

(Apoo^o^ 1 ) = {{A ®Kh)p°°,P®nh) 

of a B ~ = a. 



□ 



Suppose R is the ring of integers in a finite extension of Q° and fix some (0, p) G 
2}(i?). Let Ta p (©) be the p-adic Tate module of 0. Note that the action of Z p 2 and the 
endomorphism 7 G Oe make Ta p (©) into a Z p 2 [7] -module, and that Ta p ((S) <g>z i s f ree 
of rank one over E. 

Definition 2.2.8. Define the geometric CM-order of (<3,p) by 

£>(©) = G £ I 2c • Ta p (<3) c Ta p (©)} 

and define the reflex type of (©,p) to be the isomorphism class of Lie((5) as a module over 
Z p 2 [7] ® Zp R. 

Remark 2.2.9. The action of Z p <g>z p R^RxRon Lie(©) induces a decomposition 

Lie(6) = Ai © A 2 

in such a way that each Aj a free i?-module of rank one, and so that Z p 2 acts through 
the embedding Z p 2 — > Z° — > R on Ai and through the conjugate embedding on A2. The 
action of Z p [7o] preserves this decomposition and determines a pair of embeddings (4>i, 02 ) 
of Z p [7o] into Endij(Aj) = R. This pair of embeddings completely determines the reflex 
type of the deformation (<8,p) £%)(R). 
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The following proposition will be crucial in the determination of the horizontal compo- 
nents of 2) carried out in $4l 

Proposition 2.2.10. Let R be the integer ring of a finite extension o/Q°. Two deforma- 
tions 

lie in the same O^, -orbit if and only if they have the same geometric CM-order and the same 
reflex type. 

Proof. One implication is obvious: if there is a £ 6 for which 

then in particular there is a Z p 2 [7] -linear isomorphism & = ©, which implies that the 
geometric CM-orders and reflex types agree. For the other implication we use Lemma [2. 2. 71 
Fix an embedding Frac(i?) — > C. It suffices to prove that if we are given two deformations 

(A,p),(A',p') 6 2T(i?) 
of a for which 0(A p ~) = 0(A' p00 ) and 

Lie(A) Ue(A') 
as Z p 2 [7] <g) Zp i?-modulcs, then there is a £ £ such that 

{A' lP ') = {A lP ) 

as deformations of a. The pro-representability of 2) a implies that the map 2) a (i?) — > 2} a (i?') 
is injective whenever R' is the ring of integers of a finite extension of the fraction field of R, 
thus it suffices to prove the existence of such a £ after enlarging R. Therefore we are free to 
assume that 

End n (A) = End K (yl /Frac(R) ) = End TC (A /c ). 
The theory of complex multiplication implies that End-R,(j4) is an Ojr-order in £ which 
satisfies 

End n (A) (g) Z Z t ^ End TC8 ^(Ta £ (A)) 

for every prime I. Using 

Ta £ (A) = Ta £ (a ) ®z O t S (0 £(> ® z Z t ) ® Zl {O t ® z Zt) 
for f/pwe find that 

End TC (A)® z Z,= 1 p j ' 

Applying the same reasoning to A' shows that A/c and A'/ c have the same endomorphism 
ring. As the CM abelian surfaces A/c and A'/ C have the same reflex types (in the classical 
sense) and endomorphism rings, the theory of complex multiplication implies that there is 
some I G Pic(End-R,(A)) such that 

^/C — -A/C ®End K (A) I- 

Replacing / by any one of its preimages under Pic(7?.) — > Y\c{Ex\dn(A)) we find an / G 
Pic(7?.) such that 

A' /c = A/c ®n I, 
and after possibly further enlarging R we may assume that 

( 6 ) ^/Frac(fl) - ^/Frac(fl) ®TC 
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Applying the theory of Neron models over the discrete valuation ring R we find that © 
extends uniquely to an isomorphism 

A' = A I 

of abelian schemes over R. As the reductions of A' and A to F are isomorphic to a, we 
deduce that there exists an isomorphism a = a ®k / of abelian varieties over F. Hence we 
obtain isomorphisms of Og ^-modules 

Hom 0£o f (o, a) = Hom©^ <T (a, a ®n I) 
= Romo £o ,jr{a, a) 

Using 

Hom 0£o ^(a, a) = Endo £o (a ) ®O r = O £o ^ 

we find 

as Og ^-modules. In other words I lies in the kernel of Pic(7?.) — > Pic(0£ o .jF). Every such 
/ has the form 1^ for some £ G , and we have now found an isomorphism A' — » A (gin 1^ 
of abelian schemes over R. Reducing this isomorphism modulo mjt yields a commutative 
diagram 

(AT ®nkr 

a *- a 

in which the bottom horizontal arrow is some 0£ o ,.f- linear automorphism of o. Every such 
automorphism is given by the action of some £ G Og -p, and if we replace £ by £C _1 then 
the bottom horizontal arrow is the identity automorphism of a. This shows that there is an 
isomorphism of deformations 

(A',p') = (Ap) 8r/ £ , 

completing the proof. □ 

Lemma 2.2.11. All but finitely many triples (A, A, i) G 3^(F) are super singular. 

Proof. The only possible slope sequences for the p-Barsotti-Tate group of an abelian surface 
over F are {0,^,1}, {0,0,1,1}, or {5,^}- A p-Barsotti-Tate group with slopes {0,^,1} 
cannot admit an action of Z p 2 , thus every point of y(¥) is either ordinary or supersingular. 
If 3 ;ord (F) C y(¥) is the subset of ordinary points then taking Serre-Tate canonical lifts 
gives an injection ^ ord (F) ->■ y(Z°). The proof of Lemma E2U implies that y(Z°) is finite, 
completing the proof. □ 

Suppose R is an object of ProArt with pR — and that 25 is a p-Barsotti-Tate group 
of dimension k over R. The Hasse- Witt invariant of 25 is the homomorphism of free rank 
one i?-modules 

A fc Ver : A fe Lie(25^) A fe Lie(25) 

where Ver : 25 ( p ) — > 25 is the usual Verschiebung morphism. Consider in particular the 
universal deformation (g univ , p nniv ) G 9Jl(R m ) and its reduction (25, p) to R = R<m ®z° F. 
By choosing an isomorphism R = A 2 Lie(25) we may identify the kernel of the Hasse- Witt 
invariant with an ideal I <Z R. The kernel of 

Rmx -> R -> R/I 
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is denoted IhWi and the closed formal subscheme 

ohhw d = s P f (j^/Zhw) -»• an 

is the Hasse- Witt locus of 9Jt. 

Proposition 2.2.12. Suppose <L is a vertical component of 2) m i/ie sense of Definition 
\2.1.1\ The closed immersion £ — ► 971 factors as 

€ -> OJinw -> SOT. 

Proof. Fix a vertical component £ = i?<g/p and let (<8,p) be the pullback to -Rsg/p of the 
universal deformation of g. We must show that the Hasse- Witt invariant of © is 0. Let 
y G ^y(F) be the point corresponding to the polarized RM abelian surface (a, A) with the 
action of Og jr induced by our fixed action of Og on do- Let V — > be an open affinc 
neighborhood of y and let A be the restriction to V of the universal RM abelian surface 
over y/f. After shrinking V we may assume that Lie(A) is free of rank two over r(V), and 
(by Lemma |2.2. lip that the fiber of A at every point of V(F) is supersingular. 

After choosing generators for the exterior squares of the Lie algebras of A and A^ the 
Verschiebung 

A 2 Ver : A 2 Lie(A^) -> A 2 Lie(A) 

is given by multiplication by some {3 £ r(V). At any point z £ V(¥) the supersingularity 
of the fiber A z implies that 

Ver : Lie(^) -4 Ue(A z ) 

is not invertible, and thus f3 vanishes at every z £ V(F) (in general, an abelian variety over F 
is ordinary if and only if the Verschiebung map induces an isomorphism of Lie algebras). As 
r(V) is of finite type over F its Jacobson radical is equal to its nilradical by [I7| Theorem 
5.5], and we deduce that /?" = for some positive integer n. If we let Oy denote the 
completion of the local ring of V at y then Vy = R<y F, the p-Barsotti-Tate group & 
is the base change of the p-Barsotti-Tate group A p °o via 

T(V) -> 0°y y Ry/p, 

and the Hasse- Witt invariant of 65 is (for appropriate choice of generators of the exterior 
squares of the Lie algebras of © and multiplication by the image of j3 in i?<g/p. As 

the image of [3 is 0, we are done. □ 

3. Vertical components 

In this section we will determine all vertical components of 2). The final answer is 
simple: if cq = then there are no vertical components, while if Co > there are exactly 
two, each meeting SUto transversely (in the sense that the intersection number of Definition 
12.1. H is equal to 1). More difficult is the problem of determining the multiplicities of these 
components. We will accomplish this (at least for p > 2, a hypothesis which seems essential 
to the method) by making heavy use of Zink's theory of windows |27) , an alternative to the 
theory of displays [TH [28] which is more amenable to explicit calculation. The calculations 
are inspired by a method used by Kudla-Rapoport for studying special cycles on unitary 
Shimura varieties [15] , 
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3.1. Dieudonne theory. Let Wq denote the completion of the strict henselization of Oe 
with respect to the homomorphism i/j : Oe — > F fixed in ((T|). More concretely, 

^ | Z° if E a /Q p is unramified 

° ~ \O E0 ®z p Z° if E Q /Q p is ramified. 

In either case Wq is integrally closed in its fraction field Mo, and we are given an embedding 
$ : Oe q — ► Wo which lifts ?/>• For any ring homomorphism 4> : Oe — > F we denote by the 
map obtained by precomposing <p with the nontrivial Galois automorphism of Eq/Q p . If F 
is an object of ProArt we let W(R) be the ring of Witt vectors of F and let Ir C W(R) 
be the kernel of the natural surjection W(R) — » R. For any r e JJ denote by [r] G W(R) 
the Teichmuller lift. The ring W(R) is equipped with a ring endomorphism r F r and an 
endomorphism of the underlying additive group r ^r v r. 

We will use Zink's theory of displays as in [28] ; a quick summary of the basics can be found 
in [B]. A display over an object F of ProArt consists of a quadruple D = (P, Q, F, V^ 1 ) 
in which P is finitely generated free IU(F)-module, Q C P is a W(i?)-submodule, and 
F : P — > P and V^ 1 : Q — > P are F -linear operators. There are addition properties 
which the quadruple (P, Q, F, V' 1 ) is to satisfy; see [Ml Definitions 1 and 2]. If (D,F,V) 
is a Dieudonne module over F with the property that V is topologically nilpotent then the 
quadruple (D, VD, F, V^ 1 ) is a display, and this construction establishes an equivalence of 
categories between displays over F and Dieudonne modules over F on which V is topologically 
nilpotent. By [28j Theorem 9] for any object R of Art there is a (covariant) equivalence of 
categories between displays over R and p-Barsotti-Tate groups over R with connected special 
fiber. By the comments after [551 Theorem 4] the Lie algebra of a connected p-Barsotti-Tatc 
group is isomorphic to the Lie algebra of its display D = (P, Q, F, V^ 1 ), defined as the free 
P-module 

Lic(D) d = P/Q. 

The height of D is rankiy(fl) (P) and the dimension of D is rankfl(P/Q). The Lie algebra 
of a Dieudonne module (D, F, V) is defined to be the Lie algebra of its associated display 
Lie(P>) = D/VD. 

Consider the standard super singular Dieudonne module (Dq,F,V) over F whose under- 
lying Z°-module is free on two generators {eo,/o} with the operators F and V defined 

by 

Pe = fa Ffo = pen 

and 

Ve Q = f Vf =pe . 

If Po/Qp is unramified then ^ takes values in Wq = Z°, and the normalized action of Oe 
on Dq is defined by 

r * e = *(r)e r * fo = *(r)/ Q 
for all r £ Oe - The anti-normalized action of Oe on Dq is defined by 

r*e = *(r)e ^*/o = *(r)/o- 
The action of Oe on Lie(Po) induced by the normalized action is through ip, and the action 
of Oe induced by the anti-normalized action is through ip. If instead Po/Q P is ramified 
let WE a € Oe be a root of an Eisenstein polynomial in 1 p [x\, so that Oe = Z p © 1 p vjE a - 
Using the surjectivity of the trace Z p 2 — > Z p and norm Z^ 2 — > Z p this Eisenstein polynomial 
has the form 

x 2 - {a + a a )x + (aa CT - hWp) 
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for some a £ pL p 2 and b E Z * 2 . Having fixed such a and b we now let zu e act on Dq by 
™E * e = ae + b a f zu Ea * fo = pbe + a a f Q . 

This determines an action of Oe on Dq which we call the normalized action of Oe - 
The anti- normalized action is obtained by precomposing the normalized action with the 
nontrivial Galois automorphism of Oe„- Under either action Oe acts on Lie(Z?o) through 
ip = ip (the unique Z p -algebra homomorphism Oe — > F.) 

Lemma 3.1.1. The covariant Dieudonne module of the p-Barsotti-Tate group Qo fixed in 
$2.1\ is Oe -linearly isomorphic to the standard super singular Dieudonne module Dq with 
its normalized OE Q -a,ction. 

Proof. As the action of Oe on the Lie algebra of Do is through ip, this is a consequence of 
Corollary [2X3 " □ 

Lemma 3.1.2. Suppose & Q and & Q ' are p-Barsotti-Tate groups of height two and dimension 
one over ¥, each equipped with an OE -action. Suppose further that there is an O E -linear 
isogeny f : & — ¥ & ' of degree p k . Let <f> : Oe — > F be the homomorphism giving the action 
ofO Eo on Lie(<S '). 

(a) If k is even then Oe acts on Lie(© ) through <j>. 

(b) If k is odd then Oe acts on Lie(25 ) through (f>. 

Proof. If -Bo/Qp is ramified then there is a unique Z p -algebra homomorphism Oe — > F, 
and so there is nothing to prove. Thus we assume that Eo/Qp is unramified and let D' 
and -Dq be the covariant Dieudonne modules of & Q and & Q \ For simplicity we assume 
(f> = ip and fix, using Corollary 12.1.31 an Oe -linear isomorphism from D' ' to the standard 
supersingular Dieudonne module Dq with its normalized action of Oe - The isogeny / then 
identifies D' with an Oe -stable sub-Dieudonne module D' C Do with Dq/D of length k 
as a Z°-module. Every such submodule has the form 

D' = p a Z;e + p a+t Z° p f 

with a > 0, e £ {0, 1}, and k = 2a + e. If k is even then e = and Lie(® ) = D' /VD' is 
generated by the image of p a eQ. Hence Oe acts on Lic(6 ) through ip. If k is odd then 
e = 1 and Lie(© ) = D' /VD' is generated by the image of p a+1 fo- Hence Oe acts on 
Lie(© ) through^. □ 

Let do = (Po, Qo, F, V -1 ) be the display associated associated to (Do, F, V), the standard 
supersingular display. Thus Po is the free Z°-module on {eo,/o}i Qo C -Po is free on 
the generators {peo,/o}, and the operators F and V^ 1 are completely determined by the 
relations 

Fe = f V -1 /o = e . 

As in |28l (9)] we encode this information in the displaying matrix of d . Define 

a display d ,niv = (P 0) Q , F, V" 1 ) over R = Z°[[x ]] as follows. Let P be the free W(R) 
module on two generators {eg aiv , fo mv }, let Qo C Po be the VF(P)-submodue 

Qo = lRer v + W(R)fr v , 

and take the displaying matrix of d unlv with respect to this basis to be . Com- 

paring with the displaying matrix of the standard supersingular display we see that the 
reduction of djj niv to F is isomorphic to do. 
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For any display Do = (Po, Qo,F,V x ) over an object R of Pro Art define a new display 
Do <g) Z p 2 = (P, Q, F, V^ 1 ) over R in the obvious way; thus 

P = Po ®z p Z p 2 Q = Q ®z p 1 P 2 

and F and U -1 are the Z p 2 -linear extensions of the corresponding operators of Do. In 
particular we define 

d = d ® Z p 2 . 

Using the homomorphism Z° — > W(Z°) of [9; §17.6] we obtain a canonical Z p -algebra 
homomorphism 

z; -> 

for any Z°-algebra (and in particular any object of ProArt) P, and hence a canonical 
homomorphism Z p 2 — » W(P). Let ei and C2 be the usual idempotents in 

W{R) ®z p Z p2 » W(R) x W(iZ) 

indexed so that 

(1 <g> a)ei = (a <g> l)ci (1 O a)e 2 = (a 17 ® l)e 2 
for all a G Z p 2. Recalling that the underlying Z°-module of d has basis {e ,/o}, define a 
basis {ei, e 2 , fi,f 2 } of the underlying Z°-module of d by 

e i — e i e fi = £i/o- 

With respect to this basis d has displaying matrix 



(7) 



1 



V 1 / 

The normalized action of Oe on do determines an action of Oe on d. If (D, F, V) denotes 
the Dieudonne module associated to d then D is the free Z°-module on the generators 
{ e i> e 2: /i 5 f 2 }i the operators F and V both satisfy 



ei H- / 2 e 2 i-> /i /i i ^ pe 2 
and the action of Z p 2 on P is given by 
(8) a * e± = aei a * e 2 = a"e 2 a* fx = 



f 2 h4 pei, 



Now abbreviate P = Z°[[xi, a; 2 ]] and define a display d 
ws. The underlying W(R)-modu\e P of d UI1 
The W(P)- submodule Q C P is defined by 



afi 

univ 



a * f 2 = a CT / 2 . 
(P, Q, P, I/" 1 ) over P as fol- 



lows. The underlying W(iZ)-module P of d umv is free on four generators {e^ lv , ef 1 ™, ff mv , / 2 univ }. 



Q = I R er v + I R eT iv + W(R)fr v + W(R)f, 
and the displaying matrix of d univ with respect to this basis is 

/ [xi] 1 \ 

(9) fel ' 



univ 
2 l 



^2 



1 



/ 



We endow d unlv with an action of Z p 2 using the formulas (jHJ, replacing e, with ef nlv and fi 
with /j Unlv . One can check that setting x 2 — x\ — xq in ([9|) recovers the displaying matrix 
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of dQ nlv <g) Z p 2 , and hence dQ mv (g) Z p 2 is Z p 2 -linearly isomorphic to the base change of d unlv 
through the isomorphism 

Z°[[xi,x 2 ]]/(xi - x 2 ) x '^ Xa > Z°[[x ]]. 

Comparing ([7]) with (j9)), the base change of d univ to the residue field of Z p [[xi,x 2 ]] is Z p 2- 
linearly isomorphic to d = do <8>Z p 2, and hence (by Lemma l3.1.1[) is Z p 2 -linearly isomorphic 
to the display of the p-Barsotti-Tate group g = g Q <g> Z p 2 . Thus we have a commutative 
diagram of functors on Art 

Spf(Z;[[x ]]) >9Jl 



S P f(Z°| 



xi, x 2 ]]) — *m 



in which the top horizontal arrow sends a morphism Z°[[xo]] — > R in ProArt to the p- 
divisible group associated to the base change of do mv to R, the bottom horizontal arrow 
sends a morphism Z°[[xi, x 2 ]] — > R to the p- divisible group associated to the base change 
of d unlv to R, and the vertical arrow on the left is Xj i-> xo. 

Proposition 3.1.3. The horizontal arrows in the above diagram are isomorphisms. 

Proof. Consider the top horizontal arrow. By [5J Theorem 1.5.3(3)] it suffices to prove that 
the induced map on tangent spaces 

Hom ProAr t(Z°[[xo]],F[e]) -> 97t (F[e]) 

is a bijection, and this is proved by Zink 28, §2.2] using his deformation theory of displays. 
The proof for the bottom horizontal arrow is similar; details can be found in j6l §6.11] and 

m- ' □ 

To paraphrase the proposition: we may identify = Z°[[xi, x 2 ]] in such a way that the 
closed immersion 9Jto — 9Jt is identified with the closed immersion 

Spf(z;[[xo]])^Spf(z;[[x l5 x 2 ]]) 

defined by Xi M> xq. 

3.2. The Hasse-Witt locus. Using Proposition 13 . 1 .31 we identify 

Rm = Z°[[x 1; x 2 ]], 

so that the ideal defining the closed formal subscheme 9Tto is generated by x\ — x 2 . The 
display of the universal deformation of g is given by the displaying matrix ([9]), and the 
Lie algebra of the universal deformation is the free Z°[[xi, x 2 ]]-module on the generators 
| e univ ( gunivj. Using Example 23], after base change from Z°[[xi,x 2 ]] to F[[xi,x 2 ]] the 
Verschiebung morphism on Lie algebras can be read off from the matrix ([9]) , and is given by 

er iv h> x 2 e^ niv e^ niv ^ a;ier iv - 

Thus the Hasse-Witt locus SUhw —> 9# ( m the sense of i J2.2l) is seen to be the closed formal 
subscheme defined by the ideal Jrw = (p, xix 2 ). We find that OJinw has two irreducible 
components which we denote by 

£r r = Sp{(R m /(p,x 2 )) = S P f(F[[x!]]) 

e:r = s P f(i? OT /(p,x 1 ))^Spf(F[[x 2 ]]). 
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Each of £™ r meets 97to transversely in the sense that 
(10) <tr r x OT 97t = Spf(F). 

According to Proposition l2.2.12l anv vertical component of 2) is contained in the Hasse-Witt 
locus, and so must be one of £™ r . 

We will examine the component €[ CI . Let (<SJ eI , pj el ) 6 9Jl(F[[xi]]) be the restriction to 
€\ eT of the universal deformation of g over 071. We wish to determine which endomorphisms 
of g lift to endomorphisms of &\ CI . Let 

D ver _ (p™ ; gvcr ^ y -l) 

be the display over F[[xi]] corresponding to 0™'. According to fc|3.1l the W(F[[xi]])-module 
P™ r is free on the generators {ei, e 2 , the submodule Q\ cr is 

4[[» I ]je 1 + /F[[x 1 ]]e 2 + W(¥[[xx]])fx + W(W[[xi]])f 2 , 

and the operators F and V~ 1 are determined by the displaying matrix over W(F[[xi]]) with 
respect to the basis {ex, e 2 , fx, f 2 } 

( 1 \ 

1 
1 

V J 

Let Fr : Z°[[xi]] — ► Z°[[xi]] be the unique ring homomorphism which is the Frobenius on 
Z° and satisfies x\ h4 x\. The window [37] associated to D™' with respect to the frame 
^p[M] -> F[[jbi]] is the triple (M™ r , iV™ r , $) where Mf* is the free Z^x^-module on 
the generators {ei, e2, /i, /a}, the submodule N™ 1 ' is generated by {pex,pe 2 , fx, f 2 }, and 
$ : M™ r -> M™ 1 is the Fr-linear map satisfying 

ei 1-4/2 e 2 i-4 xiei + /1 /i4 pe 2 / 2 >-4 pei. 

The action of Z p2 on (Mp r , A^ or , $) is by the rule ©. The window of g with respect to the 
frame Z° -4 F is obtained as the base change (M, N, $) of the triple (M™ r , iV™ r , 3>) via the 
map Z°[[xi]] — > Z° denned by x\ 1-4 0, and every T 6 Endz p2 (0) is determined by its matrix 
with respect to the ordered basis {ex, fx, e 2 , f 2 } of M. The condition that V commutes with 
the Z p 2 -action is equivalent to this matrix having the block diagonal form 




while the condition that T commutes with $ and preserves the submodule N is equivalent 
to Y and Z having the form 

»--(: p ;) «-(? ?) 

with a, 6, c, d € Z p 2 . The subring End(go) C Endz p2 (0) consists of those T for which d = a a 
and c — b a . 

For each fe > set 

A[k]=Z;[[xx]]/(xf) R[k]=¥[[xx}}/(x() 

and let (M[k],N[k],$) be the base change of (Mp , TV™', $) via Z°[[xi]] -4 A[k], so that 
(M[fc], N[k], $) is the window associated to with respect to the frame A[k] -4 
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R[k]. We will lift the endomorphism T[0] = T of (M[0], N[0], $) = (M,iV,$) to a quasi- 
endomorphism Tf 1 ' of (iWJ er , NJ eI , $) by successively lifting from A[k] to j4[fc+l]. With re- 
spect to the ordered basis e\,f\,e2, any Z p 2-linear quasi-endomorphism T[k] of (M [ft], N[k], $) 
must have the form 

'Y[k\ 

Z\. 



T[k] = 

where Y[k] and Z[k] are 2x2 matrices with entries in A[k] (E>z° Qp which satisfy 



(11) Y[k]-r* P ) = ( X I P )-Fr(Z[fc]) Z[k]-L P ) = [ 1 P y^(Y[k}) 

(these conditions are equivalent to r[fc] commuting with $), and such a T[k] is an endomor- 
phism if and only if Y[k] and Z[k] have entries in A[k] and each of the upper right entries is 
in pA[k] (so that the submodule N[k] C M[k] is preserved). The crucial observation is the 
following: the ring homomorphism Fr : A[k + 1] — > A[k + 1] factors through the quotient 
map A[k + 1] — y A[k], so that there is a commutative diagram 

A[k + 1] A[k + 1} 




Fr 

A\k\ 

Replacing k by k + 1 in (jlll) and then solving for Y[k + 1] and Z[k + 1] we find that to 
successively lift T[0] to a quasi-endomorphism of each (M[fc], N[k], $) is equivalent to solving 
the recursion relations 

1 (x\ p\ „ ,„ r , n / p 



(12) y[t + i] = ~(J ^-fvczi*]).^ ( 

Z[k+1] = U t -Fr(y[fc])- ^ 

in A[fc] <g>z° Qp. By trial and error one can explicitly solve the recursion (|12l) . If we define 
matrices Y7 cr and Z[ cr in Z°[[xi]] Q£ by 



where 
and 



/(*) 



gr(jB) = a; p (x p ) + x p (2x p + x p ) + x p {2x p + 2x p + x p ) 

+x p6 (2x p ° + 2x p2 + 2x pl + x pS ) + x p8 (2x p ° + 2x p2 + 2x pl + 2x p& + a/) + ■ • • 

then Y[k] and Z[k] are the images of Y 1 ver and Z™ r under the quotient map Z°[[xi]](g)zoQ° — y 
A[k] ®z° Qp- From this it is clear that T[0] = T lifts from an endomorphism of g to a quasi- 
endomorphism of 0™ r given by 

'Y? 



(13) r™ r = 



z\ Q 
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and that this quasi-endomorphism is integral if and only if a — d S pZ p 2 and c G p*Z p 2 . 

Proposition 3.2.1. Recall from V2.1\ that Co is defined by 7L p \^o\ = Z p + p c "Oe - 

(a) If Co = then 2} has no vertical components. 

(b) If co > then 2J has exactly two vertical components, £™ r and €^, eT , each satisfying 

i m (€[ eT ,m ) = i. 

Proof. Consider first the closed formal subscheme <£™' = Spf (F[[xi]]) of DJl defined by the 
ideal (p, X2) C Rm- Let (<SJ cr , p\ cv ) be the restriction of the universal deformation of g to 
£1. As above, the action of the endomorphism ^(7) 6 Endz p2 (g) is determined by its action 
on the window (M, TV, <I>) associated to g, and is given by a matrix of the form 

/ a pb \ 
b a a a 

a pb 
\ b a a?) 

with a, b £ Z p 2 . By what was said above, £™ r is contained in 2J if and only if the unique 
lift of j (7) to a quasi-endomorphism of (3™ r is an endomorphism, which is equivalent to p 
dividing both a — a a and b. Using the fact that Z p [7o] is isomorphic to the Z p -subalgebra 

of M2 (Z p 2 ) generated by ( ? a ^ ) h is easy to see that 



r = 



p I (a — a a ) and p \ b Z p [7 ] C Z p +pOe c > 0. 

The same argument with C™' replaced by €^ CT shows that each of the two components of the 
Hasse-Witt locus of 9JT is contained in 2) if and only if Co > 0. The final claim concerning 
the intersection multiplicity is just a restatement of (ITU)) . □ 

3.3. Vertical multiplicities: Eq unramified. Assume that Eo/Q p is unramified and fix 
some r) E Eq such that Oe„ — Z p [rf\. Thus 

Z p [70] = Z p [p c ° 77] Z p2 [7] = Z p2 [p c ° rj\ 

and 

f/ d = f *(r,)-¥( ?7 )e(Z;) x . 

Identify the window of g equipped with its action induced by j : Oe — > Endz 2 (g) with the 
window (M, N, $) of ^3.21 equipped with the normalized action in the sense of i j3.ll The 
action of 77 on (M, N, ^) with respect to the ordered basis {ei, /1, eg, /z} is given by the 
matrix 

'Y 

Z , 



r 



where 



1 nv) \ m 



and : Ea -> Z° are as in SgU As in gjwe let (<5f r ,pf r ) 6 0Jl(F[[xi]]) be the 

restriction of the universal p-Barsotti-Tate group over 971 to the closed formal subscheme 

err = Spf(F[[x!]]) 

and let (M™ r , N^ er , $) be the associated window over F[[xi]] with respect to the frame 
^pll^i]] ~~ ^ ^[[^l]]- We saw in ^3.21 (especially (flB")) ) that the endomorphism 77 of g lifts to 
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the quasi-endomorphism of (3™ r whose action on (M™ r , 7V™ r , $) is given by the matrix 



1 1 



where 



M<n) -uf( Xl )\ ( o 



,,0 



and f(xi) = x\ + x\ + x\ + • • ■ . Note in particular that pr\ lifts to an endomorphism of 

We next attempt to lift the quasi-endomorphism T™ r to a natural family of deformations 
of <3™ r . For every k > set 

(14) R[k]=Z;[[x 1 ,x 2 ]}/(p 2k+1 ,x£) A[k]=Z a p [[xi,x 2 ]]/(xf). 

If we equip A[k] with the unique continuous ring homomorphism Fr : A[k] —> A[k] which 
satisfies xt *-> x\ and whose restriction to Z° is the usual Frobenius then A[k] — > R[k] is a 
frame in Zink's sense. Denote by <3[k] the base change to R[k] of the universal p-Barsotti- 
Tate group over R<xa = Z°[[x±, x 2 ]], and note that ©[0] is simply the p-Barsotti-Tate group 
<&\ cr over F[[xi]]. There is a canonical isomorphism &[k + 1]/R\k] — &[k] and so each &[k) is 
naturally a deformation of <3™ r . Starting from the display © of the universal deformation 
of to Rm, base-changing from R<xn to R[k], and applying Zink's equivalence of categories 
between displays over R[k] and windows over R[k], we find that the window associated 
to <8[k] is the triple (M[k], N[k), $) in which M[k] is the free A[/c]-module on generators 
{eii 62, fi, /2}j the submodule N[k] C M[fc] is generated by {p 2k+1 ei,p 2k+1 e 2 , /i, /2}, and 
$ : M[fc] — > M[fc] is the Fr-linear map determined by 

ei^x 2 e 2 + f 2 e 2 ^xiei+/i fi^pe 2 h>-tpe\. 

As always, the action of Z p 2 is by (JSJ. By the previous paragraph the quasi-endomorphism 
of ©[0] = 0™ r induced by lifting r) from g to &\ CI corresponds to the quasi-endomorphism 
of the window (M[0], N [0], <£>) whose matrix with respect to the ordered basis {ei, fi,e 2 ,f 2 } 
is 

'Y[0] 



r t°] = I Z[0] 



where Y[0], Z[0] £ M 2 (A[0]) ® z ° Q° p are defined by 

(15) r[0] " ( o *(r?) J ^l-^/K) ^ 

By the argument used in WS.2I the quasi-endomorphism T[0] of (Af[0],iV[0], $) lifts to the 
quasi- endomorphism of (M[fc], N[k], $) given by the matrix 

'Y[k] 



where Y[fc],2T[fc] £ A/2(A[fc]) ®zo (Q)° satisfy the recursion relations 



1 



(16) Y[k + 1] = P j-FKZ[*]).^ ^ 
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The matrices Y[0] and Z[0] admit obvious lifts to M 2 (Z°[[xi, X2}]) <8>z° <Q>p\ defined again 
by the equations (IT5|) . We then lift each Y[k] and Z[k] to a matrix in M2(Z°[[xi, X2]])<8)z° Qp 
in the unique way for which the relations (|16j) continue to hold. For k > 1 set 



(17) Y k =p k {Y[k]-Y[k-l]) Z k =p k (Z[k]-Z[k-l}) 

so that (by directly computing Y[l] and Z[l}) 
Yl = 



Zi = £7 

and 



X2f{x p 1 ) -px 2 - x%f(x{] 



*» - (? ')■*<*>•(, _l, 

For notational consistency we also define Yq — Y[0] and Zq = Z[0], so that for k > 

- p k Z +p k - 1 Z 1 +p k - 2 Z 2 + ---+pZ k _ 1 +Z k . 

It is clear from the recursion relations and initial conditions that Y k and Z k have entries in 
Z°[[xi,X2]] for k > 1, that = for fc odd, and that = for k even. Let and z k be 
the upper right entries of Y k and Z k , respectively and define (for I > 0) 

e+ w= n e_(/)= n 

0<i<£ 0<i<£ 
i even i odd 

t—i 

From the fact that Z% is divisible by X2 one deduces that Zi is divisible by x 2 for £ odd 

£ — 1 

and positive, and that Y# is divisible by x\ for £ even and positive. Furthermore one can 
easily compute the images of ye and ze in F[[xi, X2]] by solving the above recursion relations 
modulo p. One finds that 

(18) 



Vo 


= u e-{0) 




Z\ 


= uie + (l)- 


1- PX291 


2/2 


= uae-(2)- 




Z3 


= u 3 e+(3) - 


p 2 

VpX^ 93 


Vi 


= U4£-(4)- 


\-P%2 54 




= "5£+(5) - 


f- px£ 55 



for some g k € Z°[[xi,X2]] and some it^ G Z°[[xi]] with nonzero image in F[[xi]]. As already 
noted 

(19) i odd => y e = ^ even z £ = 0. 
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Let a k ,(3 k G Z°[[zi,X2]] be the upper right entries of p fe y[fc] and p k Z[k], respectively, so 
that 

(20) a k = p k yo+P k ~ 1 yi+P k ~ 2 V2 + --- + PVk-i+Vk 
&k = p k z +p k - 1 z 1 +p k - 2 z 2 + ---+pz k ^ 1 +z k . 

Suppose k > 1. By what has been said above the endomorphism p k i] of ©[0] lifts to a 
quasi-endomorphism of <&[k] which we denote in the same way. Our interest in the constants 
ct-kiPk € Z°[[xi,X2]] comes from the following fundamental fact. 

Proposition 3.3.1. Suppose k > 1 and let R[k] — > S be the maximal quotient of R[k] for 
which the quasi-endomorphism p k n of<8[k]/g is an endomorphism. Then 

S = R[k]/(a k ,f3 k ). 

Proof. As base change for displays is easier to work with than base change for windows, 
we first use Zink's equivalence [27] between windows and displays to construct the display 
associated to (M[/c], N[k], $). As in the introduction to [27] there is a continuous ring 
homomorphism A[k] — > W(R[k]) lifting the map A[k] —> R[k}. This map takes Xi G A[k] to 
the Teichmuller lift [x t ] e W(R[k]). The display (P, Q, F, V^ 1 ) associated to (M[k], N[k], $) 
consists of the free W(R[k])-module 

P = M[k] ® A[k] W(R[k]) 

the submodulc 

Q = lR[k]ei + W{R{k])h + I R[k] e 2 + W(R[k])f 2 C P, 

and two operators F : P — >• P and V^ 1 : Q — > P whose definition does not concern us. If 
we let J = (p 2k+1 ) denote the kernel of A[k] — > R[k] then there is a canonical isomorphisms 
of i?[/c]-modules 

P/I m P^M[k]/JM[k] 
which identifies Q/lR[ k ]P with N[k]/JM[k]. The quasi-endomorphism p k r\ of (M[fc], N[k], $) 
is represented by the matrix p fe r[/c] described above, which has entries in A[k\. In particular 
p fe r[/c] is an endomorphism of the A [k] -module M[k] and induces an endomorphism of the 
PF(i2[fe])-module P. The induced i?[/c]-module map Q/IP — > P/Q (which, speaking intu- 
itively, measures the extent to which the quasi- endomorphism p k r\ of <3[k] fails to be an 
endomorphism) is determined by 

fi h-> a k ei f 2 >-> /3fee 2 . 

First suppose that R[k] — > S is any quotient over which the quasi-endomorphism p k r\ of 
<8[k]/s is an endomorphism. The base change of (P, Q, F, V^ 1 ) has 

Ps=P®W(R[k])W(S) 

as its underlying W(S)-module, with submodule Qs C Ps equal to the image of Q under 
P — > Pg. By hypothesis the endomorphism p fe r[fc] of Ps preserves Qs and hence (letting 
Is denote the kernel of W(S) — > S) the induced map 

(21) (Q/IP) ® R[k] S s Qs/IsPs ^> Ps/Qs = (P/Q) ® R[ k] S 

is trivial. This implies that a k and (3 k lie in the kernel of R[k] —5- S. 

Now set S = R[k]/(a k ,/3k) so that J2T]) is trivial. It follows that p k T[k] preserves 
the submodule Qs C Ps- As we already know that p fc T[fc] is a quasi-endomorphism of 
(P, Q, F, V^ 1 ) / S some Z p - multiple of p k T[k] commutes with both F and V~ l . But W(S) 
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is Zp-torsion-free and Ps is free over W(S); thus Ps has no Z p -torsion and we deduce that 
p k T[k] itself commutes with F and V~ l . In other words p fc T[fc] is an endomorphism of 
(P.Q^F^V- 1 )^. ' * □ 

Explicitly computing and (3k by solving the recursion (|12[) is prohibitively difficult; 
luckily everything we need to know about and (3 k can be deduced from (fTgj) . (fH?]) , and 
(|2T)1) without knowing the actual values of the u/s and gg's. Let A denote the completed 
local ring of Z°[[:r 1) X2]] at the prime ideal (p, X2), and note that the constants ug appearing 
in (HHJ) satisfy 

ui G A x 

as they have nonzero image in the residue field A/m^ = ¥((xi)). 

Lemma 3.3.2. Suppose that p is odd and k > 1. The A-module Qk = A/(ak, ftk) *s 
Artinian of length 

lengthy (Q k ) = 2p k ~ 1 + 4p k - 2 + 6p k - 3 + 8/~ 4 + ■■■ + (2k)p° 
and is annihilated by X2 +2p+2p H *~ 2p 

Proof. As we assume that p > 2 we have the easy inequality 

(22) 2 P l < P" 

0<i<£ 

for all I > 0. Hence multiple of X2 ■ e± {€) and we may define a nonunit C| G ^4 by 

the relations 

C*£ • e_(^) = ge+ix p if £ even 
Ci ■ e+(l) = gi+\x\ if i odd. 
With this notation (fT5|) . <jTUJ) , and (j2T))) can be rewritten as 

(23) «fe = E «*p*~^-0+ E <V^ e +W 

0<£<k 0<£<k 
£ even £ odd 



a- = E ««p*~V(*)+ E ctpf-'t-w. 

For < j < abbreviate 



0<f<fe 0<£<fe 
£ odd ^ even 



Q ( J -) =a; 2 + 2p +2 ^ + ... + V- 1 . Qfc . 

We will construct a[ j \ fS^ G .A such that 
as „4-modules and such that 

I even ^ odd 

£ odd £ even 
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for some units u^p € A and some nonvmits G A. The construction is recursive, 

beginning with af^ = and f3 k °^ = /3k- We now assume that a k ^ and fi^jp have already 
been constructed and proceed to construct a k +1 ^ and f3 k +1 ^ ■ 

Suppose first that j is even. The t = j term in a k ^ is a unit multiple of p k ~i while the 
t = j term in fi k ^ is a multiple of p k ~i . Therefore we may eliminate the i = j term from 
fiP by adding a suitable multiple of OLjp . After collecting terms we find that there are units 
u^ +r> and nonunits C^ +V> (for I odd and even, respectively) such that 

B u) _ o) . c( / )e -U) 

Pk k 0) c\ 

- V „(j+ 1 ) n fc-< £ +^ i V r u+1) T3 k - e e -^ 

j + l<£<fe +U7 j + l<£<fe +W; 

£ odd £ even 

Each term on the right hand side is divisible by x 2p3 , and dividing out x 2p3 leaves 

I odd £ even 

Note that by construction of wc have 

(24) («P.# ) )-(«S D ,4 P '/Jf +1) )- 

The £ = j + 1 term in Z?^ 1 ' is a unit multiple of p k ~-'~ 1 , while the £ = j term in aj^ is 
a unit multiple of p k ~K Therefore we may eliminate the i = j term from dp by adding a 
suitable multiple of P k +V> ■ Collecting common terms wc find that 



a 



0) 



_ . 

fc Pfe ,.Ci+i) 

" u t p Z(j) + 1^ c i p jjji 

j+i<e<k yjJ j+i<e<k yjJ 

£ even £ odd 

for some units u^ +V> and nonunits C^ +V> (for I even and odd, respectively). As we are 
assuming that j is even e_(j) = e_(j + 1), and the above expression is equal to 

0+1) def U+i) k-t e -( e ) | V" r^ +1 ^ fc - £ 

"/c - z. "/ p £-(? + 1) ^ £ p MJ+i)' 

£ even £ odd 



?0+i) 



By construction of a k +1 ^ 

(25) (^ +1 \pi j+1) ) = (^\pi 

As we are assuming Q k ^ = A/(a k \ f3 k ^) the exact sequence 

0^Qf^Q^QW/Qi i+1) ^0 

can be identified with 

-> (zf )/(xf ) n -+ A/ia?,^) -+ -4/(*f , /#>) -+ 0. 
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Using (|24p and (f25j) and the fact that oP k is not divisible by 22 we obtain isomorphisms 
as desired. 

Now suppose that j is odd. The method is the same as in the even case: we first eliminate 
the I = j term of al by adding a multiple of /3i to al , resulting in 

j+i<e<k KJ ' j+i<t<k yj ' 

£ even I odd 

for some units u9 and nonunits Cj" 7 " 1 " 1 -' (with t even and odd, respectively). Each term 
on the right is divisible by x\? , and dividing gives 

(3+1) def (3+1) fc _i e-ffl ^ (j + i) e+(l) 

fc ~ 2, 1 P e_(i + 1) + 2^ W P e _(j + l)- 

j + l<£<fc u ; 3 + l<£<fe u ; 

£ even t odd 

By construction 
One now checks that 



fc fe „,(i+i) 



(3+1) fc _f e+(l) , \- (3 + i) fe _^e^Q 



E «rV^±$+ E q 



e+(i) ^ * ' e+(j) 

j + l<£<fc +VJ; 3+l<^<fe +u/ 

£ odd ^ even 

for some units and nonunits W 3 (with £ odd and even, respectively). As j is odd 

we have e+(j) = e+(j + 1), and so the above quantity is equal to 

,(3+1) d ^ f „.0+i)„fc-^ e +(l) : n(j+ l )Jt-t 



„(3 + l) def V- (j+1) fe_l fc+W , r U + i)k-e t-W 

By construction 



£ odd £ even 



(«? +1) .^ +1) ) = («? +1) .)8 fc C0 ) 
and exactly in the even case we find isomorphisms 

^/(4 i+1) .^' +1) ) * A/ia^,^) *U {xf)/{ X f)n (ajfl/jCO) s g(i+D. 
Both parts of the lemma now follow easily. As one of aj^ and is a unit we have 
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The length of Q k ma Y be computed as 

lengthy (Q k ) = lcn S th -4 (Q^/Qk +1) ) 

0<j<k 

= Yl length^/Orf ,a« /3«)). 
o<i<fe 

If j is even then by 

(xf ,a« = (^.of,^') = (*f ,a«) = 
For the final equality we have used the fact that for t > j 

€-(£)/ e-(j) if £ is even 



xiF divides 



e+(£)/e-(j) if £ is odd. 



Similarly if j is odd then 

= {xf,xfa^ l \f3^) = {xf,^) = (xr,p k -i). 

In either case 

lengthy (.4/ (xf , , = 2p>(k j) 

completing the proof of 

lengthy (Q k )= ]T 2pi{k-j). 

0<j<k 



□ 



We continue to let A denote the completed local ring of Z°[[xi, X2]] at (p, X2), with 
maximal ideal = (p, x%). 

Lemma 3.3.3. If p is odd and k > 1 then there is an inclusion of ideals in A 

( P 2k +\x p 2 k )cm A -(a k ,f3 k ). 
Proof. Let Q k = <A/ (a k ,(3 k ) and for < j < k set 

We will recursively define and f^p in A with the property 

A/(4\^) = Q k j) 

as .A-modules and such that 



a 



k 



o<i<j o<e<j 

i even £ odd 



o<e<j o<e<j 

£ odd i even 



for some units G A and some nonunits cj G A After (|23|) we may begin by defining 
Assuming that and pg* have been constructed we now construct a£ and p£ • 
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Assume first that j is even. The £ = j term of a% is a unit multiple of e_(j) while the 
l=j term of p£ IS a multiple of e_(j). Subtracting a suitable multiple of ajjr from 
removes the I — j term from resulting in 



fc 
(i) 



k k U) 



= E «#-V-V(*)+ E ^^V-'e-w 



0<^<j-l 0<^<j-l 
£ odd ^ even 

for some units 1 and nonunits CP 1 (with ^ odd and even, respectively). Dividing 
this quantity by p results in 

^•-D^ J2 ut 1) P j - 1 -<e + (£)+ E Cf-V- 1 -'*-^ 
and by construction 



o<^<i-i o<c<j-i 

£ odd £ even 



(26) (^\ti j) ) = (^ ) , P Pt 1) )- 

(i — l) (i) 
Subtracting a suitable multiple of (3j: removes the I = j term from ol£\ resulting in 



E 4 j - 1) P j - i e-(l)+ E Ct^p^e+W 



o<e<j-i o<e<j-i 

£ even I odd 



for some units uf l ' and nonunits Cf (with I even and odd, respectively). Dividing 
this last expression by p we obtain 

4ef u ( ^- 1) pJ- 1 - e e-(l)+ E ^'-V'-^e+W- 



o<t<j—i o<e<j-i 

£ even t odd 



By construction 
(27) 

The exact sequence 



(27) (^,Pt 1) ) = (pat 1) ,^- 1) )- 



can be identified with 

(p)/(p) n (4 j) ,4 j) ) A/id?,!)?) -+ A/(j>,a { ?,P { ?) -+ 0. 
As is not divisible by p we find, using (|26[) , isomorphisms 

* (p)/(p) n (4 j) .^ _1) ) = pQ£°. 

The exact sequence 

Q<T 1} pQ^ P Q { ?/p 2 Q? -+ 

is then identified with 

-> (p)/(p) n (a?' 5 ,^" 15 ) -> A/(a«\f)t 1) ) -> A/faa?,^) ~> 
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and we find, using (f27f and the observation that f3f! ^ is not divisible by p, isomorphisms 

A/iat^,^) 4 (P)/(P) n (pat'lPt^) = Q { t X) - 
The construction of oci and Pu for j odd is similar. We first write 

o<e<j-i o<e<j-i 

£ even £ odd 

for some units Ue and nonunits C^ 1 ' (with ^ even and odd, respectively). Dividing 
this quantity by p results in 

0<^<j-l 0<«<j-l 
^ even ^ odd 



We next write 



E ut j '-v- / e+ (o+ E ^^V'-'e-w 



0<f<j-l 0<£<j~l 
i odd ^ even 



for some units uf and nonunits CP 1 (with ^ even and odd, respectively). Dividing 
this last expression by p we obtain 



o<e<j-i Q<e<j-i 

£ odd £ even 



Using 

one proves that 



As a^ " 1 is a unit we find that 

^Q fe =^/(4 0) ,/3i 0) )=0 

and so p 2fc € (ctk,/3k)- This proves that p 2fe+1 g • (otk,/3k)- On the other hand Lemma 
13.3.21 shows that 

a .WV+-+V- l e(afcs/ g fc)j 
and so the inequality (|22p shows that 

□ 
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Proposition 3.3.4. Assume that Co > and that p > 2. If £™ r is either of the vertical 
components of 2) found in Proposition \3.2.1\ then ( in the notation of Definition \2.1.1\) 

multg (Cf r ) = 2p c °- 1 + 4p c °- 2 + 6p c °- 3 + %p c °- A + ■■■ + 2c p° 
2p(p c " - 1) - 2c Q {p - 1) 
(p - 1)2 

Proof. We give the proof for i = 1, the proof for i = 2 being entirely similar. Set k = cq 
and let J C Rm be the ideal of definition of the closed formal subscheme 2) — > 9Jt. As 

Zp2 [A] = V + p C0C) £ = Z p 2 M 

the quotient Rgji/J = i?<g is the maximal quotient over which the endomorphism j{p k rj) of 
q lifts to an endomorphism of the universal deformation of g. Let q C R<y be the ideal of 
definition of the closed formal subscheme £™ r — > 2), and denote again by q the kernel of 

Rm^Ry -)■ Rtg/q £* F[[zi]] 

so that q = (p, X2). Proposition 13.3.11 tells us that 

j + (^+ 1 ,4 fc ) = K,/3 fe ) + (^+ 1 ,^ fe ) 

as ideals of Ryu = Z°[[xi,x%]]. If we define J a = J ■ A, where A is the completed local ring 
of Rgji at q, then we obtain the equality of ideals of A 

J A + {p 2k+ \x{) = (a k ,[3 k ) + ( P 2k+ \xf). 

Lemma \'S . 3 . 31 gives the inclusion of ideals (p 2k+1 ,X2 ) C (a k ,f3 k ) m A and so 

J A + (p 2k+ \x P 2 k ) = (a k ,f3 k ). 

From this we obviously have J a C (a k ,/3 k ). To prove the reverse inclusion we apply the 
inclusion of Lemma 13.3.31 to obtain 

[a k ,{3 k ) C J A + (P 2k+ \xf ) C JA+m A (a k ,f3 k ), 

and an induction argument then proves that 

(a k ,f3 k ) c J a + m e A (a k , f3 k ) 

for every i > 0. In particular (a k , f3 k ) C J^+rr/^ -1 for every £, and topological considerations 
prove that (a k , f3 k ) C J a- Having proved J a = {<^k, At), Lemma r3.3.2l now shows that A/ J a 
is Artinian of length 

lengthy {A/. I a) = + 4/~ 2 + 6p k ~ 3 + ■■■ + (2k)p°. 

Using the isomorphisms 

A/ J A — Rm,q/ JR<m,q — R<X),q 

we find that R% A has length 2p k ~ 1 + Ap k ~ 2 + 6p k ~ 3 H + (2k)p°, completing the proof 

of the first equality in the statement of the proposition. The proof of the second is then an 
elementary exercise. □ 
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3.4. Vertical multiplicities: Eq ramified. Assume that Eo/Q p is ramified. We assume 
throughout all of ^3.41 that p > 2. This allows us to choose a trace- free uniformizing 
parameter vje q G O_e - ^ n the notation of H3.1| g7g is a root of x 2 — bb a p for some b € Z* 2 , 
and the normalized action of we q on the window (M, AT, $) of the p-Barsotti-Tate group g 
(with respect to the frame Z° — > F, as in 



V 



is through the matrix 
pb \ 

pb 



If 



J 



Let (25™ r , p\ eT ) be the restriction of the universal deformation of g over 971 
to the closed formal subscheme 

err = s P f (![[*!]]) 



and let {MJ eT , NJ eT , 



be the window of 25™ with respect to the frame Z°[[xi] 



F[[xi] 



so that, by the calculations of ^3.2[ the endomorphism V of (M, N, $) lifts to the quasi- 
endomorphism of (M™ r , A™ r , $) given by 



1 1 — 



with 



pb 
pb 



If 



+ b 



ZJ 
f(xi 



-jk) 

9K) 



-g{xi) 



We now imitate the method of M3 . 31 Define R[k] and A[k) by HU), let 25 [k] be the base change 
of the universal p-Barsotti- Tate group through Z°[[xi,x 2 ]] — > R[k], and let (M[fc], N[k], <£>) 
be the window of ©[fc] with respect to the frame A[k] — > R[k]. Viewing each <3[k] as a 
deformation of 25 [0] = 25 ™ r the quasi-endormorphism T[0] — T of 

{M[0],N[Q],$) = (M,N,9>) 

lifts to the quasi-endomorphism of (Af[fe], iV[fc], $) given by the matrix 

rw-(™ z| 

in which Y[k], Z[k] E M2(A[k]) ®z° Qp satisfy the recursion P^|) and the initial conditions 

Y[0] = YT 1 ' Z[0] = ZJ er . 

As in H3.3I we lift each Y[k] and Z[k] to a matrix in M 2 (Z°[[xi, X2]]) ®z° Qp in such a way 
that (fT6)) continues to hold. For fc > define 

n.^fc eM 2 (z;[[x l! x 2 ]])® Z o Q° 

by (JT7J) and set Y = Y[0] and Z = Z[0]. Explicitly computing Y[l] and Z[l] we find that 
Yl = 

-6* 5 (af) 6 CT x 2ff (x?)\ , nT (V 2bf(x\)-b°x^ 



Zi = x 2 



For k > 1 we again let t/fe, G Af 2 (Z°[[xi, x 2 ]]) denote the upper right entries of Y^ and Zk, 
and let ak,Pk G M 2 (Z°[[xi, x 2 ]]) denote the upper right entries of p k Y[k) and p fc Z[fc]. By 
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the same reasoning as in H'6.'3\ (that is, by computing the images of Yk and Zk in F[[xi, X2]] 
and using the fact that Z\ is divisible by x%) we find that yk and Zk satisfy (|18p for some 
gk G x 2 ]] and some u k e with nonzero image in F[[xi]], and that (fll?)) and 

(pO]l hold. 

Proposition 3.4.1. Assume that Cq > and t/iat p > 2. // £T er is either of the vertical 
components of 2) found in Proposition \3. 2.1\ then ( in the notation of Definition \2.1.1\) 

mul% (£™ r ) = 2p c °- 1 + 4p c °- 2 + 6p C0 ~ 3 + 8p C0 ~ 4 + • • • + 2c p° 
2p{p c « - 1) - 2c (p - 1) 
(P " I) 2 

Proof. The statement is exactly that of Proposition I3.3.4L which dealt with the case of 
Eq/Q_ p unramified. In the ramified situation the statements of Lemmas 13.3.21 and 13.3.31 
continue to hold, as the proofs only require that ak and (3k satisfy (fT8]) . (fT9|) . and (f20]) . 
Similarly the statement and proof of Proposition 13.3.11 hold verbatim in the ramified case 
(taking 77 = vje )- The proof of the proposition is now the same, word-for-word, as that of 
Proposition ^. 3.41 (again taking r\ = we )- □ 

4. Horizontal components 

In this subsection we will compute all horizontal components of 2) in the sense of Def- 
inition |5Xll The strategy is to start from the components of 2)o, all of which are known 
to us by the Gross-Keating theory of quasi- canonical lifts described in ij4.ll and apply 
the action of O e on 2) as described in £ 12.11 to produce more components. In the case in 
which Eo/Qp is unramified we will show that this construction accounts for all horizontal 
components of 2). More precisely, Proposition ^. 2.5l shows that every O e -orbit of horizontal 
components of 2) contains a unique horizontal component of 2)o- When Eq/Q p is ramified 
the situation is slightly more complicated. Taking O^-orbits of components of 2)o yields 
exactly half of the horizontal components of 2). The components constructed in this way 
we call standard components. To construct the remaining nonstandard components we first 
construct a closed formal subscheme 2% — > 2Jlo different from 2)o, but whose image in 9Jt is 
still contained in 2). Taking O^-orbits of components of 2% yields the nonstandard com- 
ponents of 2) (Proposition I4.3.6[) . Having thus constructed all horizontal components £ of 
2), we use results of Keating on the endomorphism rings of reductions of quasi-canonical 
lifts to compute the intersection number I<m(£, 2to) for those components which meet 2Jto 
properly (the proper components of Definition I2.1.1[) . We know from Corollary 12.2.61 that 
every horizontal component £ satisfies multig(£) = 1, and so our results give a complete 
picture of the horizontal part of 2) (at least for p > 2, a hypothesis which will first appear 
in Proposition 14.3.8]) . 

4.1. Quasi-canonical lifts. Recall from §3.11 that Mo is the fraction field of Wo. View- 
ing Eq as a subficld of Mq via "J, the reciprocity map of class field theory provides an 
isomorphism 

rec : Eq -> Gal(£ ab /M ) 

where £g b is the completion of the maximal abelian extension of Eq (inside the completion 
of an algebraic closure of Q p containing Mo), and for each nonnegative integer k we let 
Mo C Mfc C £o b be the intermediate extension satisfying 

O e J(Z p + P k O Eo ) x S Gal(M fe /M ). 
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Note that M fe /Q° is Galois, as (Z p + p k O E „) x is stable under the action of Gal(-E /Q p ). 
Let Wk denote the ring of integers of Mk ■ 

Recall that Z p [7 ] = Z p + p c °Oe - For each < k < c Gross [8] (see also has 
constructed [Mk : Q°] distinct surjective Z°-algebra homomorphisms R^ a — > Wk- A defor- 
mation 

ProArt 

corresponding to such a surjection is called a quasi- canonical lift of level /c. A quasi-canonical 
lift of level is called a canonical lift. The action of Z p [7o] on a quasi-canonical lift ©o of 
level k can be extended to an action of the larger order Z p + p k C>E , and this enlarged 
action makes the p-adic Tate module Ta p (25o) into a free Z p + p k OE -module of rank one. 
Furthermore, if <po : Ry — s- Wk is the homomorphism defining a quasi-canonical lift of level 
k then for any £ G 0|j o there is a commutative diagram 

%o Wk 

roc^- 1 ) 
00 

where the vertical arrow on the left is the automorphism of ([3]). 

Proposition 4.1.1 (Gross, Keating). The closed immersion of formal schemes 2)o — S^o 
can oe identified with 

Spf(Z° [[*]]/!„) -»• Spf(Z° [[*]]) 
where the ideal Io is generated by a power series of the form 

CO 

9c (x) = Y[ <Pk(x) 

k=0 

with each ifk(x) an Eisenstein polynomial satisfying Z°[[x]]/ (ifk) — Wk- 

Proof. By [22j Theorem 3.8] we may fix an isomorphism R<m = Z°[[x]}. By [26j Theorem 
5.1] the quotient i?sg then has the form Z°[[x]]/(g) for some power series g{x). By the 
Weierstrass preparation theorem we may choose g{x) to be a polynomial of degree / satisfy- 
ing g(x) = x* (mod p). The quasi-canonical lifts described above give, for each < k < c , 
a surjection R<if — > Wk whose kernel is generated by an Eisenstein polynomial ipk(x) which 
must divide g(x). This implies that we may factor g(x) = ipo(x) ■ ■ ■ cp Co (x)h(x)u(x) with 
u{x) a unit in Z°[[x]] and h(x) a polynomial of degree e satisfying h(x) = x e (mod p). Thus 

length F (Ag /(p)) =f = e + ^[M fc : Q°]. 

But calculations of Keating give an explicit formula for length F (i?^ /(p)). Using the remarks 
following [12j Theorem 1.1] one can show that 



length F (% /(») 
Comparing with the values (for k > 0) 
[M k :Q 



2(1 + p H h p Co_1 ) + p Co if £ /Q P is unramified 

2(1 +p+ . . . + p c °) if £ /Q P is ramified. 



(p + l)p k 1 if Eo/Q. p is unramified 
2p fc if i?o/Q P is ramified 
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we deduce that e = 0, and so h(x) is a unit. □ 

4.2. Eq unramified. Throughout all of H4.2I we assume that Eq/Q p is unramified. The 
calculation of the horizontal components of 2) will be an easy consequence of Proposition 
12.2.101 and Proposition 14.2.21 below. First we need a simple lemma. 

Lemma 4.2.1. If Z p2 [y] = O e then 2J = 2J = Spf(Z°). 

Proof. As we assume that E is unramified Oe — Z p 2 as Z p -algebras, and Oe — Oe xOe - 
The two idempotents on the right determine a splitting 

= 0o ®tl p Z p 2 go ®o Ea O e = 0o x go 
and similarly for any deformation of for which the O^-action lifts. This splitting of 
deformations of induces an isomorphism of formal schemes over Z° 

2) =2J x Spf(Z o) 2J . 

But according to Proposition 14. 1 . il applied with Z p [7o] — Oe and Co = 0, we have 2Jo = 
Spf(Z°). The claim follows. □ 

Proposition 4.2.2. Let R be the ring of integers of a finite extension of Q°. In the ter- 
minology of Definition V2.2.81 if two elements of 2J (i?) have the same geometric CM order, 
then they have the same reflex type. 

Proof. Fix a deformation (25, p) € 2J(i?) and abbreviate O — 0(25) for the geometric CM 
order of 25, so that Ta p (©) is free of rank one over O. Let s £ Z be defined by 

= Z P 2 +p s O E - 

As in Remark l2.2.9l the reflex type of 25 is determined by the action of Z p [7 ] on Lie(25). We 
will prove that this action is through ^ : Oe — > Z° if s is even and through : Oe — > Z° 
if s is odd, where "it is the homomorphism defined in ^3.11 and $(x) = ^(a; 17 ). 

Using [25l Theorem 1.3] we see that there is p-Barsotti-Tate group 25* with 0£-action 
satisfying 

Ta p (0*) ^Ta p (6)«>o O e 
and that the O-linear inclusion of Ta p (25) into Ta p (®*) arises from an O-linear isogeny 
of p-Barsotti-Tate groups / : — >• 25* of degree p 2s . Let 0* denote the reduction of 0* 
to F with its action of Oe- The claim is that one can find a p-Barsotti-Tate group 0*, 
over F equipped with an action of Oe in such a way that 0* is 0_E-linearly isomorphic to 
0o®Z p 2 . Let (D* , F, V) be the covariant Dieudonne module of 0* and identify (Lcmma l3.1.1j) 
the covariant Dieudonne module of 0o with its 0£ o -action with the standard superspecial 
Dieudonne module (Dq,F,V) with its normalized action of Oe , as defined in i j3.ll The 
Dieudonne module of is then D = Do ®z Z p 2 with its Z p 2 -linear extensions of F and V. 
Let {ei, 62} be the idempotents in Z p 2 ® Zp Z° = Z° x Z° indexed so that 

(a <g> l)ei = (1 (8) a)ei (a ® l)e 2 = (1 ® a a )e 2 - 

The Z°-module D then has 

ei = eie e 2 = e 2 eo /1 = £i/o fi = £2/0 

as a basis, the action of a £ Z p 2 is via ||5J) and the action of F (and V) is via 

ei h> / 2 e 2 1 ^ /1 /1 i-> pe 2 / 2 1— > pe x . 

Using the reduction of the isogeny / to identify D* with an 0_E-stable superlattice of D in 
D (g>z° Qp we find that the action of Oe ®% v Z° = (Z°) 4 decomposes D* into a direct sum of 
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four rank one Z°- submodules, each spanned by some Q°-multiple of one of the four basis 
elements {ei, e%, /i, f<i\. The condition that D* be stable under F and V then forces D* to 
have the form 

1 1 



with 5 € {0, 1}, a, 6 > 0, and a + b + 5 = s. If we define Dq c -D* to be the Z°-span of 



1 



1 



— ei + — e 2 

p" p° 



/o = 



D* 



pu-ru pu 

then Dg is stable under the actions of Oe , F, and V, and satisfies Dq Z p 2 
Hence we may take Qq to be the p-Barsotti-Tate group associated to the Dieudonne module 
(D* ,F,V). 

Fix an isomorphism g* = Qq ® Z p 2 as in the previous paragraph and let 2)q and 2)* be 
the functors on Art classifying, respectively, deformations of Qq with its Oe - action and 
q* with its Og-action. By Lemma T4. 2. II we have 

2T = % = Spf(Z£) 

and so there is an O^-linear isomorphism <3* = ©Q®Z p 2 where 25 q is the unique deformation 
to R of 0q with its Oe -action. Fix an isomorphism of Oe -modules 

Ta p (©*) = O E0 

and let 25 be the p-Barsotti-Tate group over R whose p-adic Tate module is the sublattice 

Ta p (0 o ) Si O C O E0 Si Ta p (©5). 

Let /o : 25 —> 25q be the associated isogeny of degree p s , set 25' = 25 <X>Z p 2 , and let /':©'—> 
0* be the isogeny /' = /o ® id. Then the p-adic Tate modules of © and ©' are each free 
rank one O- submodules of Ta p (25*) = Oe of index p 2s , and such submodules are permuted 
simply transitively by O e /O x . Thus there is a £ 6 0^ such that the automorphism of 
Ta p (25*) induced by £ carries the p-adic Tate module of 25 isomorphically onto the p-adic 
Tate module of 25'. This isomorphism of p-adic Tate modules arises from an isomorphism 
£ : © — > 25' making the diagram 



25- 

f 

0* 



& 



f 



0* 



commute. Reducing these isogenies to F we obtain a commutative diagram of Oe-linear 
isogenies 



9 



So 



>Z„ 



f°P 



f 



■ Qo ® Z p 2 



As the horizontal arrows are isomorphisms there are ©^-linear isomorphisms 

Lie(fl) = Lie(g') = Lie(g ) <g) Z Z p 2. 
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The action of Oe on Lie(g) is through and hence so is the action of Oe on Lie(g ). 
Applying Lemma T3.1.2I to the reduction of the isogeny /g, the action of Oe on Lie(g ) is 
therefore through 

I ip if s even 
<p = < — 

\ip if s odd. 

Let $ : Oe —> Z° be the unique (recall that Eq/Q p is unramified) Z p -algebra homomor- 
phism lifting cf>, so that 

{'J' if s even 
_ 
* if s odd 

By what we have shown, the action of Oe on Lie(©p) is through $, and hence so is the 
action of Oe on 

Lie(©*) =Lie(©S)® Zp V- 
Finally, the isogeny / induces an Z p [7o]-linear injection 

Lie(0) -> Lie(©*) 

and we at last deduce that Z p [7o] acts on Lie (25) through <£>. □ 

Corollary 4.2.3. Let R be the ring of integers of a finite extension o/Q°. Every E -orbit 
in 2)(i?) contains an element o/2Jo(i?). 

Proof. Fix a deformation (©,/?) G 2J(i?) and let 

= Z p 2 +p s £ ; 

be the geometric CM-order of ©. As O D Z p 2 [7] = Z p [7 ] ®i p Z p 2 we must have < s < c . 
Let i?' be the ring of integers in a finite extension of Frac(i?) large enough to contain a 
subfield isomorphic to M s , and fix a quasi-canonical lift (<3' ,p' ) £ 2)o(W / s) of go of level 
s. The deformations (®, p) and (© > Po) / R' ® ^p 2 have the same geometric CM-order O, 
and hence have the same reflex type by Proposition 14.2.21 By Proposition 12.2.101 there is a 
£, EO E such that 

e*(e,p)/«' = (©o.p'o)/fl' ® V- 

The pro-representability of 2)o and 2) imply that 

2)(i?)n2J (i?') = 2)o(i?) 
and so £*(©,/>) S 2Jq(-R). □ 

The homomorphism 0^ — > Autp ro Art (-Raj ) constructed in i j2.ll determines an action of 
O e on the set of components of 2}. To be explicit, if £ is the component corresponding to 
a minimal prime p of -R<g then £ * £ corresponds to the kernel £(p) of 

.Rig » i?<g — >• -R<g/p- 

Recalling Proposition 14. 1 . Tl for each < s < cq let po, s C R%) be the unique minimal prime 
for which i?<g /po,s — W s and define a component of 2Jo by 

Co(s) = Spf( J R2, /p , s ). 

Let g : i?2) ~~ ^ -R2J0 be the homomorphism inducing the closed immersion 2Jo — > 2} and write 
£(s) for €o(s) viewed as a closed subscheme of 2), so that 

C(«) £* Spf(%/p s ) 
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where p s — q 1 (p , s ). Define a subgroup H s C O e by 

H s = G Eo -{1 p *+p s O E ) x . 

Remark 4.2.4. As Proposition 14. 1 .T1 gives a complete list of the minimal primes of R<xj i it 
follows that £(0), . . . , £(co) is a complete list of the improper components of 2). 

Proposition 4.2.5. Every horizontal component o/2) can 6e expressed uniquely in the form 

£( S ,£)= f t*<t{s) 

with < s < c and £ e 0^ /if g . 

Proof. Fix a horizontal component £ = Spf(-R<g/p) of 2) and let i? be the ring of integers in 
the fraction field of R<$/p, a finite extension of Q° by Corollary 12.2.61 Applying Corollary 
14.2. 3l to the deformation (©, p) € 2)(-R) determined by the composition map i?2) — > R<n/p 
R we find a £ £ such that 

£*(«,/>) = (©o,Po)«>Z p 2 

where (©o,po) is obtained as the base change of a quasi-canonical lift of level s through 
some embedding W s — > R. The integer s is determined by the condition that Z p 2 +p s Oe is 
the geometric CM-order of (©, p). This can be restated as saying that the composition 

i?2) > i?2) — >■ R 

factors through i?2) , an d the kernel of this composition is p s . Therefore £(p) = p s and so 
£*£=£(s). 

The only thing left to prove is that H s C 0^ is the stabilizer of <£(s). Fix a quasi-canonical 
lift (©o, po) £ 2)o(Ws) corresponding to some surjection of Z°-algebras fo : Rtg — » Ws and 
let 

(0,p) = (« ,Po)®Zpa e2)(W s ) 

be the deformation corresponding to / = fo°q- The action of Eq on R<g must stabilize the 
prime po,s, as po, s is characterized as the unique minimal prime of Rzi„ with the property 
Rs)o/Po,s — W s . Thus the action of O e on R<y leaves p s fixed, proving that O e stabilizes 
£(s). Now suppose we are given some £ € (Z p 2 + p s Oe) x ■ By the comments preceding 
Proposition 14. f .11 the action of Z p [j ] on © can be extended to an action of Z p + p s Ox, 
and hence the action of ^2(7] on © can be extended to an action of Z p 2 + p s Oe- The 
existence of a lifting of £ G Aut(g) to an automorphism of © is equivalent to the existence 
of an isomorphism of deformations 

(©, /9 )-(©,por 1 ), 

which proves that / = / o As p s = ker(/) we conclude that p s = £(p s ). We have now 
shown that both Eq and (Z p 2 + p s Oe) x are contained in the stabilizer of <£(s). 

Now start with some £ S which satisfies p s — £(p s ). This implies that the two 
homomorphisms /, / o : — >• W s have the same kernel, and as / = /o o g factors 
through the quotient map q : R<y — > R<g we may also factor / o = /q o q for some 
/o : ^arto ~~ Ws- As /o, /o : ^2) — W» are surjective homomorphisms of Z°- algebras with 
the same kernel po jS , there is a 

t g Aut Z o(VF s ) Gal(M s /M ) 
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such that /o = t o f' Q . Recalling the discussion after Proposition 14. ET] we may write r = 
rec(^ 1 ) for some £ S Eq to obtain 

/ = fo ° 9 = fo ° Co ° 9 = fo ° 9 ° Co = / o £ _1 ° Co- 
in other words there is an isomorphism of deformations 

(0,p)-(0, P or 1 Co). 

This implies that the automorphism CCo" 1 G °f lifts to an automorphism of (S, and so 
acts on the p-adic Tate module of <3. But (5 has geometric CM order 

0(0) = Z P 2 +p s O E 

and we conclude that CCo" 1 6 (^V + P s 0e) x - Hence £ S i? s . □ 

Note that for each < s < Co the group O e /H s has a decreasing filtration 

{1} = H s /H s c H a _ x /H a c • >-H /H, = O e /H s . 

Proposition 4.2.6. Suppose < i < s < cq, £ £ H t /H s , and £ ^ H t+ i/H s . The horizontal 
component (£(s,£) o/2) defined in Proposition ^. 2. 5\ satisfies 

irpt(e:(s,£),9JCo) = H : ■ 

p- 1 

Proof. Let (<5 > Po) G ?)o(^s) De a quasi-canonical lift of level s and let (25, p) = (0 Ol i°o) ® 
Z p 2 be its image in 2)(Wg). If we write m for the maximal ideal of W s and Rk = Ws/m fc+1 
then 

jg»(e(s,0,2Ro) = fc + i 

where fc is the largest nonnegative integer for which 

(«,P°tV e Image(9Jl (i? fe ) ^97l(i? fe )). 

The coset £ € H t /H s admits a representative £ € (Z p 2 + p' : Oe) x not contained in (Z p 2 + 
p t+ Oe) x , which we now fix. 
For any k > abbreviate 

a( k) = (p±m^i. 

p- 1 

Keating [12l Theorem 5.2] has computed the endomorphism ring of <3o/R k t an d found that 
the largest order of Oe for which the action jo : Oe — > End(go) lifts to the deformation 
(®o,Po)/w* is 

Eo if < k < o(0) + 1 
Z p + pO Eo if o(0) + 1 < k < a(l) + 1 
Z p + p 2 Eo if o(l) + 1 < k < o(2) + 1 

Zp+p 5 " 1 ©^ if a(s-2) + l< fc<a(s-l) + l 
Zp+p s C» Bo if a(s- l) + l<Jfc. 

We remark that Keating refers the reader to his unpublished thesis for the proof of Theo- 
rem 5.2], but a complete proof may be found in [Mj. Using End((S/ flfc ) = End(© /it fc )®z p Zp2 
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we find that the largest order of Oe for which the action j : Oe — > End(g) lifts to the de- 
formation (<S,p)/ Rk is 

Oe if < k < o(0) + 1 
Z P 2 + pO E if o(0) + 1 < fc < o(l) + 1 
Z p2 + p 2 ©^ if o(l) + 1 < k < a(2) + 1 

1 P 2 +p s - 1 E if a(s-2) + 1 < fc < a(s- 1) + 1 
Z^+^Og if a(s- l) + l<fe. 

Set fc = a(i) so that the automorphism £ G (Z p 2 +p t O^) x of g lifts to the deformation 
(<5,p)/ Rk but not to (©,p)/ flfe+1 . The existence of a lift of £ over i?fc is equivalent to the 
existence of an isomorphism of deformations 

(&,p) /Rk =(<S,poC 1 )/B. k , 

and as (6, p) / Rk lies in the image of 9Jto(-Rfc) — > 9R(Rk) so does (©, p o £,~ X )/ Rk . 

Now set k = a(t) + 1 and Ao = End(go) so that the largest order O C Oe for which the 
restriction to O of the action jo : Oe —> Ao lifts to (&q, po) / Rk is 

o = z p + p t+1 o EB . 

As in §2.11 we fix an embedding Z p 2 — > Af 2 (Z p ) and identify the functor © h-> © ® Z p 2 
with the functor ® i— > <8' Q x ® . This identification determines an isomorphism 

End(© <g> Z p 2) * M 2 (End(© )) 

and in particular End(g) = Af2(Ao). Moreover, one easily checks that the closed formal 
subschemc 9Jto — J- is the locus of deformations for which the action of M2(Z p ) on g lifts. 
To obtain a contradiction let us suppose that 

(©, p o C 1 )/^ 6 Image(»T (i? fc ) -> OT(i? fe )) 

so that the action of A?2(Zp) on g lifts to the deformation ((5, po^ _1 ) z^, and, equivalently, 
the endomorphism (, o p o £~ 1 °f lifts to the deformation (&,p) for every p £ M2(Z p ). 
Using jo : Oe — > A we view Oe q as a subring of A and Oe as a subring of M 2 (O_e ). 
We also view 

End(& /Rk ) Si M 2 (End(<8 0/R J) 
as a subring of End(Ao) using the reduction map Rk — !> F. Under these identifications 

End((5 /R J n M 2 (O E0 ) = M 2 (0) 

and we deduce that (.opo^ 1 6 M2(0) for every p e Af2(Z p ). As the subalgebra of M2(Ao) 
generated by M2(Z p ) and O is M2(0), we further deduce that £ M2(0) for every 

p £ Af2(C)- Some elementary linear algebra then shows that £ £ Eg ■ GL2(C). Thus there 
is a £o G Oe for which ££q~~ e Af 2 (C), and so 

^o" 1 eEnd(^)n^ - (Z p2 + P t+1 iS )x. 

But this means that £ £ H t +i, a contradiction. 

We have shown that (®, p o lies in the image of 9Jlo(Rk) for k — a(t) but not for 

k = a(t) + 1, completing the proof. □ 
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Corollary 4.2.7. We have 

V- T ny> \ -MP C " - 1) + 2coCp - 1) + C 0P c Q(p 2 

2_^l m (<l,Mo) - (p-l) a 

where the sum is over all proper horizontal components £ — > 2} . 
Proof. If < i < s < cq then combining 



"* if t ^ 

- x (p-l) if t = 



l^t/fr.i = < 

with Proposition 14.2.61 shows that 

J OT (£(s, 0, Wlo) = f-\p - 2) + ^(P + l)(a - 1) 



E 



p-1 



Summing over < s < cq and using Proposition 14. 2 .51 yields the desired result. □ 

4.3. Eq ramified. Throughout all of H4.3l we assume that Eq/Q p is ramified. Suppose R is 
the ring of integers of a finite extension of Q° and (&, p) G 2}(i?)- As in Remark 12.2.91 there 
is a decomposition of the Lie algebra 

Lie(0) = Ai © A 2 

in which each A< is free of rank one over i?, Z p 2 acts through Z p 2 — > Z° — > R on Ai 
and through the conjugate embedding on A2. The action of r L p 2[ / j\ on Ai is through some 
homomorphism <&i : Oe — > R- We have $1 ^ $2 after restriction to Z p 2, and the restriction 
of the pair ($i,$ 2 ) to Oe determines the reflex type of (0, p). 

Definition 4.3.1. If $1 = <1>2 when restricted to Oe then we say that the deformation 
(65, p) has a standard reflex type. If $1 ^ $2 when restricted to Oe then we say that the 
reflex type is nonstandard. 

There is a disjoint union 

2)( J R)=2)+(i?)|j2}-(i?) 

where 2) + (i?) is the subset of deformations having standard reflex type and 2}~(i?) is the 
subset of deformations with nonstandard reflex type. Each subset is 0^-stable, as the reflex 
type is constant on O e - orbits. Note that the above decomposition makes sense for any 
objects R of ProArt, but is not functorial: after base change through a homomorphism 
R — > R 1 one may have elements of 2) _ (i?) whose image lies in 2) + (i?'). In this subsection 
we will only consider those R which are integer rings of finite extensions of Q°, and for such 
rings any (necessarily injective) map R — > R' induces an inclusion 2)(i?) — > 2)(i?') which 
respects the decompositions into standard and nonstandard reflex types. 

Lemma 4.3.2. Let R be the ring of integers of a finite extension o/Q°. Then %)q(R) C 
2} + (i?) and every E -orbit in 2) + (i?) contains an element offX)o(R). 

Proof. First start with some (25o,Po) & %)o(R)- The action of Z p [7o] on Lie(®o) is through 
some Zp-algebra map $0 : Oe — ► R> and so the action of Z p [7o] on the Lie algebra 
Lie(6 ) ®z p Z p 2 of 

(So.po)®^ eg)(.R) 

is again through $o- After restriction to Oe we now have $1 = $0 = $2, and hence 
(0o, po) ® Z p 2 has a standard reflex type, proving 2)o(-R) C 2) + (i?). 
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Now suppose we start with some (<S, p) G 2J + (i?), so that Z p [7o] acts on Lie(C5) through 
some embedding $ : Oe — > R- Let Z p 2 +p s Oe be the geometric CM-order of (<8,p) and 
consider a quasi-canonical lift (@o> Po) G 2)o(W») of level s. The action of Z p [7 ] on Lie(© ) 
is through some embedding $ o : [7o] ~ ^ i an d after enlarging R as in the proof of 
Corollary |4.2.3l we assume that there is an embedding of Z°-algebras i : W s — > R. As M s /Q° 
is Galois we may choose are Gal(M s /Q°) whose restriction to Gal(Mo/Q°) is nontrivial, 
and then i o $ 00 and ioro <J> 00 give the two distinct embeddings of Z p [7 ] into R. Thus 
after possibly replacing i by i o r we may assume that i o $ 00 = <f> . The action of Z p [7 ] on 
the Lie algebra of (&o,Po)/r £ %)o(R) is now through $ , and so the deformation 

(«o,A))/«®Zp» e2)(i?) 

has the same reflex type and same geometric CM-order as (65, p). Applying Proposition 
12.2.101 completes the proof. □ 

Again let R be the ring of integers in a finite extension of Q°. We now explain how to 
construct elements in As we assume that Eq/Q p is a ramified field extension, E 

is a biquadratic field extension of Q p containing a unique quadratic subfield E' which is 
ramified over Q p and not equal to Eq. Choose an action j' : Ge' q ~^ End(flo) of Oe' on go 
and let j' be the induced Z p 2-linear action 

f : O e -> End(n) 

of Ob = (8) Z p 2 on g. 

Lemma 4.3.3. There is a Z p 2 -linear automorphism w : Q — > Q satisfying 

w o j (x) — j(x) o w 

for every x £ Oe- 

Proof. Abbreviate Ao = End(go) and A = End(g) so that A = Ao ®z p Z p 2. Thus Ao is the 
maximal order in a quaternion division algebra over Q p and A is isomorphic to an Eichler 
order of level one in M 2 (Z p 2 ) . Fix such an isomorphism, so that A acts on a two-dimension 
Q p 2-vector space in a way which stabilizes a Z p 2-lattice Ai and sublattice A2 C Ai with 
A1/A2 = F p 2. Let Li denote Aj viewed as an O^-module via j, and let denote A, viewed 
as an ©^-module via j' . If q C Oe is the maximal ideal then L 2 = q£i, L' 2 = (\L[, and 
there is an isomorphism of torsion free rank one O^-modules w : L'i — I L\. As w takes L' 2 
to L 2 , we have found the desired w G End(A 2 ) H End(Ai) = A. □ 

Choose any 7 G Oe' b for which Z p [7 ] = Z p +p c "Oe' and set 

7' = 7o®le% = O B ' ®z p Z p2 

so that 

Z p2 [ 7 '] =Z p2 +p C0 O E = Z p2 [ 7 ]. 

Let 2J — > DJIq be the closed formal subscheme classifying deformations of Qq for which 
the action j' : Z p [7 ] — >• End(go) lifts, and let 2J' — >• CUT be the closed formal subscheme 
classifying deformations of g for which the action j 1 : Z p 2 [7'] — > End(g) lifts. There is then 
an isomorphism of functors 

2J'^2J 

defined by 

(«,p) ^ (s.por 1 ) 
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which respects with the action of 0^ on each side (the actions on the left and right being 
defined using the actions j' and j of O e on g, respectively). Define Ry g and R<y> by 

% = Spf^) 2)' = Spf(%0- 

We point out that Proposition 14.1.11 applies equally well with 2Jo replaced by 2) , and 
the theory of quasi-canonical lifts applies equally well to the deformation problem 2) as it 
does to 2)o- We also point out that the isomorphism w : 2)' — > 2J does not restrict to an 
isomorphism 2) — > 2)o, as the automorphism w of g does not arise from an automorphism 
of Qq. Instead we have the following pretty situation. 

Lemma 4.3.4. Let R be the ring of integers of a finite extension of Q°. The bijection 
w : 2)'(i?) — > 2)(i?) restricts to an injection w : %)' a (R) —> %)~(R), and every E -orbit in 
2J~(i?) contains an element in the image offty' (R). 

Proof. We will repeatedly use the fact that for any two distinct embeddings of E into 
a field there is a unique quadratic subfield of E on which those embeddings agree. Fix 
(®' ,Po) e %{R) and define 

(<8 , ,p') = (® , ,p' )®Z p 2 eaj'(i?). 

Let : Oe' — ?> -R be the Z°-algebra homomorphism giving the action of Z p [7q] on Lie((%). 
Decomposing the Lie algebra 

Lie(6') Ai © A 2 

as before, the order Z p 2 [7'] acts on Aj through an embedding $j : Oe — > R which restricts 
to $g on Oe' - The restrictions of $1 and $2 to Z p 2 are distinct, and it follows that the 
restrictions of $1 and $2 to Oe are also distinct. 
If we now define 

(<8,p) = («', p'ow-^&ZJiR) 
and let id : — )■ 0' be the identity map then id is a Z p 2 + p c °0.E-linear isomorphism of 
p-Barsotti-Tate groups ® = &' (where the action of Z p 2 [7] on & lifts the action j on g, and 
the action of Z p 2 [7'] on ©' lifts the action j' on g), and so Lie ((5) = Lie(©') as modules over 

Z p 2 [7] ® Zp R Z p 2 [7'] ® %p R. 

By the previous paragraph the reflex type of (0, p) is nonstandard, proving (©, p) £ 2)~(i?). 

Now start with any (<S,p) G 2J~(i?), and let Z p 2 + p s Oe be the geometric CM-order of 
(<S,p). Decompose 

Lie(©) = Ai © A 2 

as above, so that Z p 2[7] acts on Aj through some $j : Oe — > R- As $1 and $2 are distinct 
when restricted to Z p 2 and to Oe (by definition of nonstandard reflex type), they must 
agree when restricted to Oe - Call the common restriction $q : Oe' — > R- Choose a quasi- 
canonical lift ((%, p' Q ) S 5Jo(Ws) of level s of go with its action of j' , and (after enlarging R 
as in the proof of Corollary I4.2.3[) an embedding W s — > R of Z°-algebras. As in the proof 
of Lemma \4 . 3 . 21 this can be done in such a way that the action of Z p [7q] on the Lie algebra 
of iSq/R * s through The image of the deformation (<3' , p' ) under 

%(W S )^%(R)^Z)-(R) 

then has the same geometric CM-order and reflex type as (<8,p), and so lies in the same 
0* -orbit by Proposition E2ZG1 □ 
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The isomorphism of functors w : — )• 2) induces an isomorphism w : — > Ry in such 
a way that the composition 

Hom ProA rt(%', -) = ?)'(-) = Hom ProA rt(%, -) 

has the form / h-> / o Let 

g : -> i?<g q' : -> -Rsgj, 

be the natural surjections. As in ^4.21 for each < s < Co let po, s be the unique minimal 
prime of i?<g for which i?<g /po, s = W s and let p s = g _1 (po, s ) be the corresponding prime of 
i?2) . Similarly let p' s be the minimal prime of Ry corresponding to a level s quasi-canonical 
lift of the action j' Q : Oe — > End(go)j so that Rsn* /p s = W' a with W' a constructed exactly 
as in ij4.ll but with E and jo replaced everywhere by E and j' Q . Let p' s — o'^HPo.s) be 
the corresponding prime of Ry. For each < s < cq we now define two distinguished 
components of 2), 

C(«) = S P f(%/p s ) = Spf(% /p , s ) 

and 

<?(«) = Spf(i? s ,/ U ;(p' s )) - S P f(i? sr /Po,J = Spi(R Wo /p' 0iS ), 
and two subgroups of O e 

H s = o Eo ■ (Z P 2 +p s O E ) x K = O e , ■ (Z p2 + P s O E )\ 

Remark 4.3.5. Exactly as in Remark 14.2.41 £(0), . . . , £(co) is a complete list of the improper 
components of 2). 

We will say that a horizontal component €. = Spf(i?2)/p) of 2) is standard if the defor- 
mation corresponding to the quotient map R%) ~~ ► R*g/p has standard reflex type, and say 
that £ is nonstandard otherwise. 

Proposition 4.3.6. Every standard horizontal component of 2) can be written uniquely in 
the form 

£(s,0 d = ! Z*£(s) 

for < s < Co and £ G O e /H s , and every nonstandard horizontal component of 2) cow oe 
written uniquely in the form 

£>(s,0=Z*£'(s) 

for < s < Co and £ G O e /H' s . To be clear: in both instances the action o/£* on 2) is that 
of ^2.1\ defined using the action j : O e — \ End(g). 

Proof. The proof is the same as the proof of Proposition 14.2.51 almost verbatim. In place 
of Corollary 14.2.31 one uses Lemma 14.3.21 in the standard case and Lemma 14.3.41 in the 
nonstandard case. □ 

Proposition 4.3.7. Suppose < t < s < cq, £ G H t /H s , and £ €" H t +i/H s . The horizontal 
component C(s,£) — > 2) defined in Proposition \4-3.]j\ satisifes 

i w (£ M ,fm ) = i +P *+ (p + 1)(pt r 1) - 
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Proof. Let (<8o,po) 6 2)o(Wg) be a quasi-canonical lift of level s. For any k > set 
Rk = W s /m k+1 and abbreviate 

& (fe)=/ + (P + 1)(pfe - 1) . 

Keating [T21 Theorem 5.2] has computed the endomorphism ring of ®o/R k > an d found that 
the largest order of Oe for which the action jo : Oe —> End(rjo) lifts to the deformation 
(®o,Po)/R k is 

< k < 6(0) + 1 
6(0) + 1 < k < 6(1) + 1 
6(1) + 1 < k < 6(2) + 1 

b(s - 2) + 1 < k < b(s - 1) + 1 
b(s - 1) + 1 < k. 

Using these formulas, the proof is a direct imitation of that of Proposition 14.2.61 □ 

Proposition 4.3.8. Suppose < s < cq and £ 6 O e /H s . If ord p (disc(_Eo)) = 1 then the 
horizontal component £'(s,£) — > 2) defined in Proposition ^. 3. 6\ satisifes 

/ajt(C(*,0.3Wo) = !• 
./Vbie i/iai ord p (disc(i?o)) = 1 is equivalent to p > 2. 

Proof. Fix an isomorphism £'(s,£) = Spf(W r s '), let m be the maximal ideal of W' s , and set 
R = W' s /m 2 so that R is isomorphic to the ring of dual numbers F[e] of F. The resulting 
closed immersion of formal schemes Spf (W' s ) — » 2) is given by the composition 

(28) % ^ Ry ^ %/ ^> ^> 

where the final arrow f s defines a level s quasi-canonical lift (& ,p' ) G 2)o(VF s ') of g with 
respect to the embedding j' : Oe> — > End(g ). Setting (25',//) = (<3' ,p' ) £g) Z p 2, the 
composition ()28|) corresponds to the deformation 

(®" )P ") = (<S',p'ow- 1 oC 1 )€Z)(W' s ). 

It follows from the formulas of Keating cited in the proof of Proposition ^. 3.7l that the action 
of Z p 2 [r] on the deformation &j R extends (uniquely) to an action of Oe, and hence the same 
is true of the deformation <5" fl .We will show first that the resulting actions of Oe on the 
two summands 

Ue(<5'j R ) Si A 1 © A 2 

are through distinct homomorphisms Oe q — > R. 
Consider the diagram 

W 's 



O e<) if 

Z p +pO Eo if 

Z p +p 2 O E0 if 

Zp+p^OEa if 

Z p +p s O Eo if 



W£- ? - ^R 
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in which the vertical arrow on the left corresponds to a canonical lift (©J, pj) e ?)o(^o) °f 
00 with respect to the action j' : Ge' q ~~ >> End(fjo)- Choose an isomorphism R<m g = Z°[[x\] 
and let a be the image of x under 

Rmx a -> Rsb' ^ W' s -> i?. 

There is an isomorphism Wq = Z°[[x]]/ (<p' ) with tp Q Eisenstein of degree two, and as <p' (a) = 
we find that there is a surjection Wq — > R making the above diagram commute. In other 
words, if we set (©^, p*) — (©J, p ) <g) Z p 2 then there is an isomorphism of deformations in 

(e'^'V^efpto^of 1 )^ 

and so (©" ', p") m admits a lift 

to Wq of nonstandard reflex type with the property that the action j : Oe — > End(g) also 

lifts. The action of Oe on each Aj is therefore through some Oe Wq — > R, and <f>i ^ fa. 
The hypothesis that ord p (disc(i?o)) = 1 implies that the nontrivial Galois automorphism of 
Wq/1j° (which interchanges tf>\ and 02) remains nontrivial modulo the square of the maximal 
ideal of Wq, and so the actions of Oe on Ai and A2 are through distinct homomorphisms 
O E0 -> R. 

Is it possible that (&,p)/ R lies in the image of SJto(-R) — > Wl(R)? If so, then [<5,p)j R = 
[<Sq,Pq) ® Z p 2 for some (©^po") G 2)o(-R) corresponding to a surjective Z°-algebra map 
i?2) — ► -R- As above, the fact that Wo/Z° is ramified implies that this map can be fac- 
tored as i?aj — ► Wq — )• i? where the first arrow corresponds to a canonical lift in 2)o(Wo)- 
This implies that (&" , p") /r admits a lift to 2) + (Wo) with the property that the action 
j : Oe — > End(g) also lifts. We deduce that the action of Oe on Lie(©" fl ) is through 
a single homomorphism Oe R- This contradicts what was said in the previous para- 
graph. Thus the reduction of (©", p") to R is not in the image of dJlo(R) — > dJl(R), and so 
7 OT (£'(s,0»^o) =1. □ 

Corollary 4.3.9. If p ^ 2 then 

sr^ j (a- (V)> \ -4p e ° +1 +2p + 2 (2c + l)p c " +1 + 2c + 1 

= ^—^ 2 — x 

where the sum is over all proper horizontal components £ — ► 2) . 

Proof. If < i < s < Co and then combining \H t /H s \ — p s ~ t with Proposition 14.3.71 shows 
that 

V j OT (e:( s ,o,OTo) = 2 S p s -^^ 
' p — 1 

while Proposition 14.3.81 shows that 

^ Ian(e:'( S ,0,OTo)=p s . 

Summing over < s < cq and using Proposition 14.3.61 yields the desired result. □ 
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5. Appendix 



In this appendix we consider a slightly modified version of the deformation problem of 
the main text. 

5.1. A ramified variant. Let g , Eq, Z p [7 ] = Z p + p c "Oe , jo ■ Oe — > End(go), and 
2)o - > be as in t j2.ll but now choose a ramified quadratic extension F/Q p whose ring 
of integers Op will assume the role played earlier by Z p 2. Thus we define a p-Barsotti-Tate 
group g = go <S> Of over F of height 4 and dimension 2 and let DJl be the formal Z°-scheme 
classifying deformations of g, with its Of action, to objects of Art. Set E — E$ ®q F, 
let 7 = 70 ® 1 £ E, and let 2) be the closed formal subscheme of 9Jt classifying those 
deformations for which the action of 7 lifts. We again have the cartesian diagram of closed 
immersions ^ in which the horizontal arrows are now defined by the functor ®Of- 

Many of the methods used in the main body of the article can be applied to study 
this new formal scheme 2J . Virtually everything said in ^ holds simply by replacing Z„2 
everywhere by Of (except that the action of Oe <8>z p Of on g deduced from jo may not 
extend to all of Oe-) The methods used in f}3]to study vertical components should apply 
in this new setting (although we have not checked this in any detail). The more difficult 
problem seems to be extending the methods of to study the horizontal components of 
2). The issue is that there may be deformations of g with its OppyJ-action to characteristic 
whose full endomorphism ring is an Op-order in Oe which is not of the form O <S>z p Op 
for any Z p -order O C Oe - One should not expect the component of 2} containing such a 
deformation to come from 2)o in the way described in Propositions 14.2.51 and |4~?751 

We will content ourselves for the moment with the following simple case, which is needed 
for the global intersection theory of [TP] , 

Proposition 5.1.1. IfEo/Q) p is unramified and cq = then each o/2Jo and 2) are isomor- 
phic to Spf(Z°). In particular the closed immersion 2Jo —> 2J is an isomorphism and 2J is 
contained in 9JIq. 

Proof. That 2)o — Spf(Z°) is a special case of Proposition 14. 1 . ll and so we turn to 2). Our 
hypotheses imply that 



Let 4", \& : Oe — > Z° be as in 13. H For any object R of Art we denote again by \Jj and W the 
ring homomorphisms obtain by composition with the canonical map Z° —¥ W(R). Define 
a display = (Pr, Qr, F, V' 1 ) over R as follows. The W(R)-modu\e Pr is free on the 
generators {ex, e2, fx, f2}, the submodule Qr C Pr is 



and F and V 1 are determined by the stipulation that the displaying matrix [28l (9)] of 
Dr with respect to the basis {ei, 62, fx, f2~] is 



O E = O E0 ®z p O f = F [7]. 



Qr = Irci + I R e 2 + W(R)fx + W{R)f 2 , 



( 



1 



\ 



1 



1 



V 



1 



/ 
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Define an action oi Oe on T)r as follows. An element r £ Oe acts as 

/*(r) \ 
*(r) 

tf(r) 
V *(r)/ 

Choose a uniformizer wf G Cf with minimal polynomial x 2 — ax — o and let rop act as 

/0 6 \ 
1 a 

o & • 

V 1 «/ 

These rules define commuting actions of Oe and Of, and so determine an action of Oe- 

One easily checks that Dp is O^-linearly isomorphic to the display of g. Indeed, in the 
notation of there is an isomorphism Dp = do ® Of defined by 

ei h-> eo ® 1 e2 i-> e ® tuf /i !-> /o 55 1 f-z >->• /o <8> Wf. 

Thus each D7? is a deformation to i? of the display of g with its O^-action. Suppose we 
have a morphism R! — > R in Art whose kernel J satisfies J 2 = 0. By Zink's deformation 
theory [28l Theorem 48] the set of all deformations to R' of T)r with its O^-action is in 
bijection with the set of Og-stable direct summands T C Pr'/Ir/Pr' which lift the Hodge 
filtration 

Qr/IrPr C Pr/IrPr. 
The condition that T be stable under the action of Oe ®z p Z° = Z° x Z° implies that 
T = T(*) © T($) with C i?'ei © R'e 2 and T(l) C © R'f 2 - As Bo acts on 

Qr/IrPr through \F we must have T(*) = 0. Thus 

T = T(¥) C © ^'/2 = Qw/Ir'Qr' 

from which T = Qr* j IriQw follows. We deduce that T>r> is the unique deformation of T>r 
with its O^-action. By induction on the length of the local ring R we conclude that T)r is 
the unique deformation to R of Dp with its O^-action, and it follows that 2) = Spf (Z°). □ 
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